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MODULI THEORY, STABILITY OF FIBRATIONS AND
OPTIMAL SYMPLECTIC CONNECTIONS
RUADHAI´ DERVAN AND LARS MARTIN SEKTNAN
Abstract. K-polystability is, on the one hand, conjecturally equivalent to
the existence of certain canonical Ka¨hler metrics on polarised varieties, and,
on the other hand, conjecturally gives the correct notion to form moduli. We
introduce a notion of stability for families of K-polystable varieties, extending
the classical notion of slope stability of a bundle, viewed as a family of K-
polystable varieties via the associated projectivisation. We conjecture that
this is the correct condition for forming moduli of fibrations.
Our main result relates this stability condition to Ka¨hler geometry: we
prove that the existence of an optimal symplectic connection implies semista-
bility of the fibration. An optimal symplectic connection is a choice of fibrewise
constant scalar curvature Ka¨hler metric, satisfying a certain geometric partial
differential equation. We conjecture that the existence of such a connection is
equivalent to polystability of the fibration. We prove a finite dimensional ana-
logue of this conjecture, by describing a GIT problem for fibrations embedded
in a fixed projective space, and showing that GIT polystability is equivalent
to the existence of a zero of a certain moment map.
1. Introduction
Riemann surfaces are classified by their genus. When the genus is at least two,
the automorphism group of each curve is finite and there is a moduli space Mg
parametrising such curves. In genus one, elliptic curves endowed with an ample
line bundle have discrete automorphism group and are parametrised by their j-
invariant, a complex number. There is a unique Riemann surface of genus zero: the
Riemann sphere, P1. In particular, the associated moduli space is just a point.
The two basic aims of moduli theory are firstly to construct a space whose
points are in bijection with the varieties under consideration, so that one obtains a
classification of isomorphism classes of such varieties, and secondly to understand
the behaviour of varieties in families. While the moduli spaces above achieve the
first aim, they do not give much understanding of the variation of varieties in
families in the case of P1. In fact, it is straightforward to give non-trivial examples
of families π : X → B such that each fibre Xb = π
−1(b) is isomorphic to P1 for
b ∈ B, but such that X ≇ B × P1: one can projectivise any non-trivial vector
bundle of rank two over B.
Thus to answer the second basic goal of moduli theory in the simplest one-
dimensional case, one is led to a different approach. Rather than considering the
moduli space of varieties isomorphic to P1, which is just a point, one usually studies
vector bundles over a fixed base B. Vector bundles, in turn, have a rich theory of
their own, and a central object of study in algebraic geometry has been the moduli
space of vector bundles over a fixed base.
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In higher dimensions, the classical moduli problem is for polarised varieties [33,
Section 5.1], namely varieties endowed with an ample line bundle. In order to
obtain a separated (and optimistically, in certain cases, proper) moduli space of
polarised varieties, it is well known that one must restrict to varieties satisfying a
stability condition. The classical notions arising from geometric invariant theory
(GIT) have failed to produce such a moduli space [52], and the modern replacement
is K-stability [46, 14], which is not a genuine GIT notion [18]. The Yau-Tian-
Donaldson conjecture relates K-stability with differential geometry, through the
expectation that (at least when X is smooth) K-polystability should be equivalent
to the existence of a constant scalar curvature Ka¨hler (cscK) metric in c1(L) [46, 14,
54]. While it is still an open problem to construct a moduli space of K-polystable
varieties, it has recently been shown that one can construct a separated moduli
space of smooth polarised varieties which admit a cscK metric [9, 20, 36, 34, 29, 28].
Just as in the case of Riemann surfaces, however, while this moduli space fully
achieves the first goal of moduli theory, it fails to give almost any information
about the behaviour of polarised varieties in families, particularly for polarised
varieties with large automorphism group.
The goal of the present work is to generalise the perspective of viewing (certain)
P1-fibrations in terms of vector bundles to much more general fibrations, and to all
dimensions. We expect this approach to give a complete solution to the second basic
aim of moduli theory. The new idea arises from the bundle theory. When one tries
to form moduli spaces of vector bundles, one quickly realises that one must impose a
stability condition in order to obtain a separated (and even proper) moduli space;
the most appropriate such condition is slope stability (though Gieseker stability
also plays a prominent role). Through the Hitchin-Kobayashi correspondence of
Donaldson-Uhlenbeck-Yau [12, 47], slope stability of a vector bundle is equivalent
to the existence of a canonical metric, in the form of a Hermite-Einstein metric.
Here we consider the moduli problem for polarised fibrations over a fixed base
π : (X,H)→ (B,L),
by which we mean that π is a flat morphism between projective varieties, L is
ample, H is relatively ample, and importantly each fibre (Xb, Hb) is K-polystable.
Just as in the bundle theory, in order to obtain a separated and proper moduli
space, one expects a stability condition to play a crucial role. The main results are
as follows:
(i) We introduce a notion of stability for polarised fibrations. We conjecture that
polystable polarised fibrations over a fixed base form a separated, projective
moduli space. This would achieve the second aim of moduli theory.
(ii) We prove that the existence of a certain canonical metric on the total space of a
polarised fibration implies our notion of semistability. The metrics are optimal
symplectic connections, which we previously introduced as a canonical choice
of fibrewise cscK metric on such a fibration [11, Section 3]. We conjecture
that existence is equivalent to polystability of the fibration.
(iii) We prove a finite dimensional analogue of the previous conjecture. Namely,
we define a GIT problem for fibrations embedded in a fixed projective space,
and prove that GIT polystability is equivalent to the existence of a zero of a
finite dimensional moment map we introduce on the fibration.
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The above results generalise several of the classical and foundational results in
the bundle theory. In particular we show that our notion of semistability extends
the notion of slope semistability of a vector bundle E → (B,L), viewed in terms of
the projectivisation (P(E),O(1)) → (B,L). The notion of an optimal symplectic
connection generalises the notion of a Hermite-Einstein metric, again viewed on
the projectivisation [11, Proposition 3.19]. Thus (ii) above generalises the classi-
cal statement that a vector bundle admitting a Hermite-Einstein metric is slope
semistable, and even extends the definition of stability to Pm-fibre bundles which
do not arise as projectivisations of vector bundles. Much of (iii) is motivated by
work of Wang [50, 48, 49], and in particular part (iii) above generalises Wang’s
result that Gieseker stability of a bundle is equivalent to the existence of a certain
balanced metric on the bundle. We now explain our work in more detail, beginning
with the stability notion.
1.1. Stability of fibrations. The definition of K-polystability involves two types
of objects, one being a class of degenerations, called test configurations, and the
other being a numerical invariant associated to each test configuration [14, 46]. A
test configuration for a polarised variety (Y, LY ) is a flat family C
∗  (Y,LY)→ C
with LY relatively ample, and with fibre (Yt,LYt)
∼= (Y, LY ) for all t 6= 0. Each
test configuration has an associatedDonaldson-Futaki invariant DF(Y,LY), defined
using the weight of the C∗-action on the vector spaces H0(Y0,L
r
Y0
) for r ≫ 0.
K-polystability then means that DF(Y,LY) ≥ 0 for all test configurations, with
equality if and only if the test configuration is a product, meaning that (Y0,LY0)
∼=
(Y, LY ).
Now suppose that π : (X,H)→ (B,L) is a flat family of K-polystable varieties
over a projective base. By flatness, the pushforward π∗(H
k) is a vector bundle for
k ≫ 0, and X embeds in the projectivisation X →֒ P(π∗(H
k)). Let E → B × C be
a C∗-degeneration of the bundle π∗(H
k), so E is a flat coherent sheaf over C and
Et ∼= π∗(H
k) for all t 6= 0. This induces a degeneration of X inside (P(E),O(1))→
(B,L)×C, with O(1) the relative hyperplane class induced by the projectivisation
construction, by setting X = C∗.X and H = O(1)|X , which is relatively ample over
B×C. X admits another line bundle, by pulling back L via the natural morphism
(X ,H)→ (B,L).
We call this setup a fibration degeneration. These arise naturally from a finite-
dimensional GIT problem discussed below.
A fibration degeneration induces a test configuration for (X, jL+H) for j ≫ 0
by considering (X , jL + H) → C. We show that the Donaldson-Futaki invariant
admits an expansion in powers of j:
DF(X , jL+H) = jnW0(X ,H) + j
n−1W1(X ,H) +O(j
n−2),
with B of dimension n. Roughly speaking, the condition W0(X ,H) = 0 means that
the induced test configuration for a general fibre (Xb, Hb) over b ∈ B is a product.
We say that a fibration is semistable if W0(X ,H) ≥ 0, and when equality holds, we
have W1(X ,H) ≥ 0. In fact the condition that W0(X ,H) ≥ 0 holds for arbitrary
families of K-polystable varieties, and so the crucial part of our definition concerns
the term W1(X ,H).
The above generalises the notion of slope semistability of a vector bundle, which
is typically defined in terms of subsheaves. If E → (B,L) is a vector bundle over a
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polarised variety and F ⊂ E is a coherent subsheaf, one obtains a C∗-degeneration
of E given by E → B × C, flat over C, with Et ∼= E for all t 6= 0 and
E0 ∼= F ⊕ E/F.
In fact all degenerations of E arise this way, provided one considers nested sequences
of subsheaves. Projectivising gives a fibration degeneration for
(P(E),O(1))→ (B,L),
and work of Ross-Thomas implies that W0(X ,H) = 0 and
W1(X ,H) = c(µ(E) − µ(F )),
with µ the slope of the sheaf [37, Theorem 5.13] and c > 0 an unimportant con-
stant. Thus semistability of the fibration implies that µ(E) ≥ µ(F ), implying
slope semistability of the bundle. The converse relies on analytic techniques, and
is explained in Theorem 2.31.
1.2. Optimal symplectic connections. Let ωX ∈ c1(H) be a closed (1, 1)-form,
with ωX |Xb a constant scalar curvature Ka¨hler metric for each b ∈ B. We make
the smoothness assumption that Aut(Xb, Hb) has dimension independent of b ∈ B.
We briefly recall what it means for ωX to be an optimal symplectic connection [11,
Definition 3.6]; full details are given in Section 2. The condition is an equation
defined on the total space of X , of the form
p (ΛωBρH +∆VΛωBµ
∗(FH)) = 0.
Here p is the natural L2-projection C∞(X) → C∞E (X), with C
∞
E (X) the space of
global sections of the vector bundle of holomorphy potentials: functions generating
holomorphic vector fields on the fibres and of fibrewise mean-value zero. µ∗(FH)
is simply the curvature of the Ehresmann connection induced by ωX , viewed as a
two-form with values in Hamiltonian functions via the fibrewise co-moment map
µ∗. ∆V is the fibrewise Laplacian, and ρH is the horizontal component of the metric
on −KX/B induced by ωX . Finally, ΛωB is the horizontal contraction with respect
to a base Ka¨hler metric ωB ∈ c1(L). Although not obvious at first glance, the
definition generalises the Hermite-Einstein condition on a projective bundle [11,
Proposition 3.19]. In general, the condition can be viewed as an elliptic partial
differential equation on the bundle E [11, Theorem 4.8]. The main result of the
present work is the following.
Theorem 1.1. Suppose a fibration (X,H)→ (B,L) admits an optimal symplectic
connection. Then the fibration is semistable.
Our proof reduces to a certain analogous finite dimensional problem, mirroring
some of the techniques of Donaldson [15, Theorem 2]. In fact, we prove a more
general result:
Theorem 1.2. For all j ≫ 0 we have
inf
ωX
‖p(ΛωBρH +∆VΛωBµ
∗(FH))‖1 ≥ − inf
(X ,H)
jW0(X ,H) +W1(X ,H)
‖(X ,H)‖∞
.
Here the infimum on the left is taken over all fibrewise cscK metrics ωX ∈ c1(H),
while the infimum on the right is taken over all fibration degenerations. The norm
on the left is the L1-norm, while the norm on the right is an L∞-norm which we
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define. The left hand side is independent of j, so the content mostly concerns the
situation W0(X ,H) = 0, in which W1(X ,H) is the term of interest.
We state here the main conjecture (see Definition 2.25 for the precise definition
of polystability for fibrations):
Conjecture 1.3. A fibration admits an optimal symplectic connection if and only
if it is polystable.
This generalises the Hitchin-Kobayashi correspondence in the case of projective
bundles, proved by Donaldson and Uhlenbeck-Yau [12, 47], and is a more precise
version of our previous Conjecture [11, Conjecture 1.1].
In some sense the optimal symplectic connection condition appears rather mys-
terious at first glance. Our notion of stability is natural from the algebro-geometric
point of view, however, and we hope that the algebraic geometry gives some mo-
tivation for the study of optimal symplectic connections. Moreover, the optimal
symplectic connection condition arises naturally in another problem, that of find-
ing constant scalar curvature Ka¨hler metrics on the total space of such fibrations
X . In particular, the existence of an optimal symplectic connection, together with
a condition on the base, implies the existence of a constant scalar curvature Ka¨hler
metric on (X, jL + H) for j ≫ 0 [11, Theorem 1.2]. Our work gives an almost
complete converse to that statement: it follows directly from our definitions that
an unstable fibration induces a K-unstable total space (X, jL+H) for j ≫ 0, which
hence cannot admit a constant scalar curvature Ka¨hler metric. The analogous prob-
lem for the base hypothesis is solved in [10, Theorem 1.3], using the perspective of
stable maps.
1.3. Finite dimensions. The notion of K-stability, and much of the Yau-Tian-
Donaldson conjecture, is motivated by an analogous finite dimensional GIT problem
[31, 56, 49]. Similarly our notion of stability of fibrations is motivated by a GIT
problem. For a fibration (X,H) → (B,L) as before, X embeds into projective
space
X →֒ P(H0(X, kjL+ kH))
by choosing a basis, for k ≫ j ≫ 0. This does not embed the base B of the fibration
inside projective space, instead one obtains an embedding
ϕ : B → Hilb
(
P(H0(X, kjL+ kH))
)
,
b→ [Xb]
Thus the fibration produces a point [ϕ] ∈ Hom(B,Hilb). The space Hom(B,Hilb)
admits an GL-action arising from the natural action on projective space.
While the scheme Hom(B,Hilb) is not proper, we explain how to obtain a projec-
tive completion using Grothendieck’s Quot scheme. In this manner one-parameter
subgroups of GL (which are the crucial object in GIT via the Hilbert-Mumford
criterion) become equivalent to fibration degenerations.
We show that each orbit Φ in Hom(B,Hilb) admits a natural Ka¨hler metric,
with respect to which there is a moment map
µ : Φ→ su∗
with respect to its natural SU-action. The following generalises work of Wang in
his study of stability of vector bundles [48, Theorem 1.1]; due to differences in the
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setting we are forced to use a rather different approach to Wang at several points.
The following proves the finite dimensional analogue of our main conjecture.
Theorem 1.4. [ϕ] is polystable if and only if its orbit admits a zero of the moment
map µ.
1.4. Outlook. Fano varieties play a distinguished role in K-stability. On the alge-
braic side, roughly speaking, the reason is that K-polystability of a Fano variety is
equivalent to K-polystability of Fano varieties with respect to test configurations
with Fano central fibre [30, Theorem 1]. A subclass of fibration degenerations are
those whose central fibre is a Fano fibration, possibly with some singular fibres. It
seems likely to us that a similar phenomenon occurs:
Conjecture 1.5. A Fano fibration is polystable if and only if it is polystable with
respect to fibration degenerations whose central fibre is a Fano fibration.
We next turn to moduli.
Conjecture 1.6. There is a separated, quasi-projective moduli space of polystable,
possibly singular, fibrations.
This should be the coarse moduli space associated to the moduli functor sending
a scheme S to the set of fibrations over S×B, flat over S, which for each s ∈ S are
polystable over B. We further conjecture that such moduli spaces are projective
in many situations of geometric interest; in particular, we conjecture this is so for
Fano fibrations. In order to form projective moduli, it is clear one must allow non-
smooth and non-flat fibrations, just as in the case of vector bundles. Note that a
special case of a Fano fibration is a projective bundle, and in this case the proof of
the above conjecture, including projectivity, is a standard (but difficult) part of the
bundle theory [40]. The reason we focus in this paper on smooth fibrations is that
our main result concerns the link with optimal symplectic connections, which for
the moment only makes sense for smooth fibrations; the notion of stability makes
sense for arbitrary fibrations.
When B is a point, so that the fibration structure is trivial, our theory collapses
to the classical case of varieties. In this case, the above conjecture states that
one should be able to form quasi-projective moduli of K-polystable varieties. This
conjecture, namely the idea that one should be able to use canonical metrics and
associated stability conditions to form moduli of compact Ka¨hler manifolds, seems
to be originally due to Fujiki [19]. In the case of Fano manifolds, this conjecture
has been resolved by Odaka [36, 34] and Li-Wang-Xu [29, 28]. This again leads us
to believe the case of Fano fibrations should be most tractable.
One aspect which we do not discuss in the present work is that of examples.
Much of our intuition for complex-geometric PDEs comes from algebraic geometry,
so we hope that a detailed understanding of stability of fibrations will lead to
examples. In any case, our work gives a concrete obstruction to the existence of
optimal symplectic connections, which we expect will be checkable in practice.
Outline. In Section 2 we recall the definitions of K-stability and optimal symplectic
connections. We introduce there the definition of stability of fibrations and explain
some of its basic properties. Section 3 contains the material on GIT for fibrations,
and the related moment map problem. In Section 4, we prove that the existence of
an optimal symplectic connection implies semistability of the fibration.
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Notation. We work throughout over the complex numbers, as our main results
concern links with Ka¨hler geometry. The definitions of stability of a fibration and
other basic results of Section 2 go through over an arbitrary algebraically closed
field of characteristic zero.
2. Canonical metrics and stability notions
2.1. Optimal symplectic connections. Let π : (X,H) → (B,L) be a smooth
fibration, so that π is a flat morphism between projective varieties with smooth
projective fibres. In complex-geometric terms, π is thus a holomorphic submersion.
Let ωB ∈ c1(L) be a Ka¨hler metric on B, and let ωX ∈ c1(H) be a real closed
(1, 1)-form whose restriction ωb = (ωX) |Xb to each fibre Xb is a constant scalar
curvature Ka¨hler (cscK) metric, which means that the scalar curvature S(ωb) of ωb
is constant for each b ∈ B.
We now assume that the automorphism group Aut(Xb, Lb) has dimension inde-
pendent of b ∈ B. This is a genuine condition on the fibration, as flatness only
implies that the dimension is an upper semi-continuous function, but holds for
example for isotrivial fibrations. The condition can be viewed as a smoothness as-
sumption. When this automorphism group is not finite, a choice of fibrewise cscK
metric ωX is not unique, and the equation we will be interested in conjecturally
determines a canonical choice of such a metric. This condition, which we now
describe, is called the optimal symplectic connection condition. We refer to [11,
Section 3] for a more detailed view of the material below.
The form ωX defines a splitting TX = V ⊕ H, where H ∼= π
∗TB is the ωX -
orthogonal complement to V = ker dπ; in this context ωX is usually called a sym-
plectic connection. One similarly obtains a splitting for all tensors, as well as a
splitting of functions
C∞ (X) = C∞0 (X)⊕ C
∞ (B) ,
where C∞0 (X) consists of the functions of fibre integral zero. That is, ϕ ∈ C
∞
0 (X)
if the function
∫
X/B
ϕωmX vanishes, where m is the dimension of the fibres.
The splitting TX = V⊕H induces an Ehresmann connection for the fibre bundle
X → B, which has curvature FH ∈ Ω
2 (B,Ham(V)) , a 2-form with values in
fibrewise Hamiltonian vector fields on X . On each fibre, such a Hamiltonian vector
field induces a unique Hamiltonian function which has integral zero over the fibre
with respect to the natural volume form. This produces a comoment map
µ∗ : Ham (V)→ C∞0 (X).
Thus, composing with this map, we can view the curvature as µ∗(FH), a 2-form on
B with values in fibrewise mean zero Hamiltonian functions.
The form ωmX induces a Hermitian metric on the relative anti-canonical line
bundle ΛmV = −KX/B. This has an associated curvature form, denoted ρ, and we
let ρH denote the horizontal component of ρ.
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Via the metrics ωX and ωB, one obtains an L
2-inner product on real-valued
functions on X by setting
〈ϕ, ψ〉 =
∫
X
ϕψωmX ∧ ω
n
B.
On each fibreXb, there is a vector subspaceEb ⊂ C
∞
0 (X) consisting of functions ϕ ∈
C∞0 (X) which satisfy ∂¯∇
1,0ϕ = 0, which means that ϕ is a holomorphy potential.
One can form a vector bundle E → B whose fibre over b ∈ B is Eb [11, Section
3.1]. The space of smooth global sections of E will be denoted C∞E (X). We denote
by
p : C∞(X)→ C∞E (X)
the natural L2-orthogonal projection.
The final two objects required are the vertical Laplacian ∆V : C
∞(X)→ C∞(X),
which is defined such that ∆V(ϕ)|Xb = ∆ωb(ϕ), and the horizontal contraction ΛωB
defined on purely horizontal forms.
Definition 2.1. We say that ωX is an optimal symplectic connection if
p (ΛωBρH +∆VΛωBµ
∗(FH)) = 0.
Remark 2.2. The definition of an optimal symplectic connection may seem mys-
terious at first glance, and it is worth making the following remarks.
(i) Optimal symplectic connections are a generalisation of Hermite-Einstein met-
rics on holomorphic vector bundles, viewed through the induced fibrewise
Fubini-Study metric on the projectivisation [11, Proposition 3.19].
(ii) We expect that optimal symplectic connections are unique, up to automor-
phisms, if they exist [11, Conjecture 1.2].
(iii) Optimal symplectic connections arise naturally from constructions of cscK
metrics on X itself [11, Theorem 1.1].
The main way in which the optimal symplectic connection condition will arise
in the present work is as follows.
Proposition 2.3. [11, Corollary 4.6] Denote ωj = jωB + ωX . There is a C
∞-
expansion
S(ωj) = S(ωb) + j
−1(S(ωB) + ΛωBρH +∆VΛωBµ
∗(FH)) +O(j
−2).
Thus the optimal symplectic connection condition asks that the C∞E (X) compo-
nent of the j−1 term of S(ωj) vanishes. In the present work, we merely need the
L∞-statement of the above Proposition.
Rather than working with ωj itself, it will be more useful later to work with
a related metric. Just as above, the metrics ωX and ωB induce an L
2-orthogonal
decomposition
C∞(X) = C∞(B)⊕ C∞R (X)⊕ C
∞
E (X).
Proposition 2.4. [11, Proposition 4.8 and 4.11] Suppose ωX is a fibrewise cscK
metric. Then there is a function ϕR ∈ C
∞
R (X) such that, letting ξj = jωB + ωX +
j−1i∂∂¯ϕR, we have
S(ξj) = S(ωb) + j
−1(ψB + p (ΛωBρH +∆VΛωBµ
∗(FH)) +O(j
−2),
with ψB ∈ C
∞(B).
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2.2. Ka¨hler geometry of the base. The metric of the base ωB is not chosen to
have any specific curvature properties. For technical reasons in the arguments later
we will, however, need that it can be seen as the solution to an auxiliary PDE on
the base.
We begin with a discussion of the base component ψB in the expansion of Propo-
sition 2.3. Since
∫
X/B
∆V(ϕ)ω
m
X = 0 for any ϕ, the contribution to the C
∞(B)-
component of the j−1 term of S(ωj) is the sum of S(ωB) and the horizontal com-
ponent of ΛωBρH. The latter is related to moduli theory in the following way.
The fibration π : X → B induces a moduli map q : B →M, withM the moduli
space of cscK manifolds [20][9, Theorem 1.1]. This moduli space carries a Ka¨hler
metric, the Weil-Petersson metric ωWP . The pullback α = q
∗ωWP of this Ka¨hler
metric satisfies
α =
S(ωb)
m+ 1
∫
X/B
ωm+1X −
∫
X/B
ρ ∧ ωmX ,
with ρ as above [9, Theorem 4.4]. Then by [17, Lemma 2.3], [11, Proposition 4.3],
the C∞(B)-component of ΛωBρH is given by −ΛωBα. It follows that ψB above is
given by
ψB = S(ωB)− ΛωBα.
The following is motivated by work of Hashimoto [23] (see also related work of
Zeng [55]).
Proposition 2.5. For any r ≫ 0 sufficiently large, there exists a Ka¨hler metric
Ω ∈ c1(L
r) on B such that
S(ωB)− ΛωBα = ΛωBΩ− cΩ,
where cΩ is a topological constant.
Proof. The proof is simply an adaptation of [23, Proposition 1] to our setting.
Note that if G denotes the Green’s operator of the Laplacian of ωB, then there is
a constant c (the average of S(ωB)− ΛωBα) such that
∆ωB (G (S(ωB)− ΛωBα)) = S(ωB)− ΛωBα− c.
But then for any r, we have
ΛωB
(
rωB + i∂∂¯ (G (S(ωB)− ΛωBα))
)
= rn+ S(ωB)− ΛωBα+ c,
so that
S(ωB)− ΛωBα = ΛωBΩ− C,
where Ω = rωB+ i∂∂¯G (S(ωB)− ΛωBα) and C = rn+ c. So for any r, we can solve
the required equation. Moreover, 1rΩ is of the form ωB +
1
r i∂∂¯ϕ for some function
ϕ that does not depend on r. Since ωB is positive, we can therefore ensure that Ω
is positive when r is sufficiently large. 
The constant cΩ satisfies∫
B
(ΛωBΩ− cΩ − Sˆα)ω
n
B = 0,
where Sˆα satisfies ∫
B
(S(ωB)− ΛωBα)ω
n
B =
∫
B
Sˆαω
n
B.
We set
CΩ = cΩ + Sˆα,
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which is just the average of ΛωBΩ.
In summary, we obtain the following.
Corollary 2.6. Let η = ΛωBρH +∆VΛωBµ
∗(FH). Then
S(ξj) = S(ωb) + j
−1 (S(ωB)− ΛωBα+ p (η)) +O(j
−2),
= S(ωb) + j
−1 (ΛωBΩ− cΩ + p(η)) +O(j
−2).
2.3. K-stability. We recall the notion of K-stability for a normal polarised variety
(Y, L) of complex dimension n, due to Tian and Donaldson [46, 14]. We do not
assume that there is any fibration structure.
Definition 2.7. [14, Definition 2.1.1] A test configuration (Y,L) for (Y, L) is a
variety Y and a line bundle L on Y, together with
(i) a C∗-action on Y lifting to L,
(ii) a flat, C∗-equivariant map p : Y → C, with L relatively ample,
such that each fibre (Yt,Lt) over t ∈ C
∗ is isomorphic to (Y, Lr) for some r, called
the exponent of the test configuration. We say that (Y,L) is a product test config-
uration if (Y0,L0) ∼= (Y, L).
Letting dk = h
0(Y0,L
k
0), there is an expansion
dk = a0k
n + a1k
n−1 + . . . .
Similarly, if wk denotes the total weight of the C
∗-action on H0(Y0,L
k
0), then there
is an expansion [14, p. 315]
wk = b0k
n+1 + b1k
n + . . . .
Definition 2.8. [14, Section 2.1] Let (Y,L) be a test configuration for (Y, L). The
Donaldson-Futaki invariant of (Y,L) is defined by
DF(Y,L) =
b0a1 − b1a0
a0
.
A test configuration (Y,L)
p
→ C has a compactification to a degeneration over
P1, which we will also denote by (Y,L), defined by gluing (Y,L) to Y × P1 \ {0}
over p−1(0) ∼= Y × C∗ ⊂ Y × P1 \ {0}. When Y is normal, the Donaldson-Futaki
invariant associated to a test configuration for (Y, L) can then be computed in
terms of an intersection number on the compactification. By normality, both the
canonical divisor KY and the relative canonical divisor KY/P1 = KY − p
∗KP1 are
Weil divisors. It will be useful to define the slope of (Y, L) to be
µ(Y, L) =
−KY .L
n−1
Ln
.
Proposition 2.9 ([35, Theorem 3.2], [51, Proposition 17]). Let (Y,L) be a test
configuration for (Y, L), of exponent r, such that (Y,L) is a normal projective
variety. Then
DF(Y,L) =
n
n+ 1
µ(Y, Lr)Ln+1 +KY/P1.L
n.
Definition 2.10. [14, Definition 2.1.2] Let (Y, L) be a normal polarised variety.
Then (Y, L) is
(i) K-semistable if DF(Y,L) ≥ 0 for all test configurations (Y,L) for (Y, L);
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(ii) K-stable if it is K-semistable and if further DF(Y,L) = 0 if and only if (Y,L)
normalises to the trivial test configuration (Y × C, L);
(iii) K-polystable if it is K-semistable and further DF(Y,L) = 0 if and only if the
normalisation of (Y,L) is a product test configuration (Y × C, Lr), with a
potentially non-trivial C∗-action on Y .
Implicit in the above definition is the fact that the normalisation of a test config-
uration for a normal polarised variety is again a test configuration [38, Proposition
5.1].
Conjecture 2.11 (Yau-Tian-Donaldson). [46, 14, 54] A smooth polarised variety
(Y, L) admits a constant scalar curvature metric in c1(L) if and only if (Y, L) is
K-polystable.
Remark 2.12. It is expected that the actual stability condition needed for this
conjecture to hold in general needs to be stronger than K-polystability. The most
likely such candidate is Sze´kelyhidi’s notion of filtration K-polystability [43], which
uses Witt Nystro¨m’s intepretation of test configurations in terms of filtrations of
the coordinate ring of (Y, L) [53] to produce a stronger version of K-polystability.
2.4. Fibration degenerations. Just as K-stability of a polarised variety involves
a class of degenerations and a numerical invariant, our notion of stability for fi-
brations will involve a class of degenerations and a numerical invariant. Here we
describe the degenerations, which we call fibration degenerations.
We return to the situation of a flat fibration π : (X,H) → (B,L). By flatness,
the pushforward sheaf π∗
(
Hk
)
is the sheaf of sections of a vector bundle Vk → B
for sufficiently large k. Indeed, by definition the fibre of Vk over a point b ∈ B
is simply H0(Xb, H
k
b ), whose dimension is independent of b for k ≫ 0 by our
assumptions. Furthermore, again by relatively ampleness of H , X embeds into
the projectivisation P(Vk), with π the restriction to the image of X of the map
P(Vk) → B. On each fibre, the embedding is the usual Kodaira embedding; this
construction can also be performed analytically [27].
Definition 2.13. A degeneration of the vector bundle Vk is a coherent sheaf E →
B × C, flat over C, with a C∗-action making E → C a C∗-equivariant map, such
that Et ∼= Vk for all t 6= 0.
These are simply the bundle analogues of test configurations. Given a subsheaf
F of Vk, one can produce such a bundle degeneration with central fibre F ⊕ Vk/F
[37, Remark 5.14], explaining the link with the vector bundle theory.
Let E be a degeneration of Vk for some k > 0. Then X embeds in P(E1) ∼= P(Vk),
and one obtains a degeneration of X itself by taking the flat limit of X under the
natural C∗-action on P(E). Let X = C∗.X be the closure. Then X admits two line
bundles: one is the pullback of L via the morphism to B, the other is the restriction
of the OP(E)(1) line bundle arising from the projectivisation construction, which we
denote H. By construction, the restriction of H to a fibre Xt is isomorphic to H
k
for all t 6= 0.
Lemma 2.14. (X , jkL+H) is a test configuration of exponent k for (X, jL+H)
for all k ≫ 0.
Proof. The C∗-action on P(E) induces one on X itself, which then lifts to H. Thus
the only requirement to check is relative ampleness of jkL+H, which is certainly
true for k ≫ 0. 
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Definition 2.15. A fibration degeneration for π : (X,H)→ (B,L) consists of the
data above, namely the family (X ,H)→ (B,L) arising from a degeneration of the
bundle Vk = π∗
(
Hk
)
for some k≫ 0.
We will explain in Section 3 how fibration degenerations arise naturally from
considerations in geometric invariant theory.
Example 2.16 (Slope stability). One concrete class of fibration degenerations
arise through an analogue of Ross-Thomas’s notion of slope stability [38, 37]; in
the easily generalised special case of relative complete intersections in projective
bundles, this construction is due to Stoppa-Tenni [41]. Consider a fibration as
above and let F ⊂ π∗(H
k) be a subsheaf. Deformation to the normal cone
BlP(F )×0 P(π∗(H
k))
induces a test configuration for P(π∗(H
k)), which with appropriate polarisations
agrees with the projectivisation of the bundle degeneration degenerating π∗(H
k)
to (π∗(H
k)/F ) ⊕ F . By properties of the blowup, the proper transform of X × C
agrees with the deformation to the normal cone BlP(F )∩X×0X ×C [41, p. 3]. Thus
the analogue of slope stability for fibration degenerations considers subschemes of
X of the form P(F ) ∩X with F ⊂ π∗(H
k) a subsheaf for some k.
Remark 2.17. It is not strictly necessary to assume π : (X,H) → (B,L) is flat.
Without this assumption, X still embeds in P(π∗(H
k)), which is now the projec-
tivisation of a coherent sheaf. The techniques above still apply to this situation.
Stability of more general fibrations should play an important role in the moduli
theory of fibrations, however as the focus of the present work is on holomorphic
submersions X → B due to links with Ka¨hler geometry, we have chosen to empha-
sise the technically simpler situation of flat fibrations.
Before turning to the numerical invariant associated to fibration degenerations,
which is the remaining part of the definition of stability of fibrations, we need to
prove some technical results which will be crucial in later sections. These technical
results are not needed for the definition of stability of fibrations; the remaining
material needed to define the stability notion is provided in Section 2.5.
The following follows from the definitions of the objects involved.
Lemma 2.18. For all sufficiently large k ≫ j ≫ 0 we have equalities
H0(X, jkL+ kH) = H0(B, Vk ⊗ L
kj) = H0
(
P(Vk),O(1)⊗ π
∗
(
Ljk
))
.
Slightly abusing notation, we will also let H0(X, jkL + kH) denote the trivial
vector bundle over B with fibre the vector space H0(X, jkL+ kH). There is thus
a natural morphism of bundles over B
H0(X, jkL+ kH)→ Vk ⊗ L
jk,
arising from the identification H0(X, jkL+kH) = H0(B, Vk⊗L
kj). In a form that
admits generalisation, the map q : B → {pt} induces a map
q∗H0(X, jkL+ kH) = q∗q∗(Vk ⊗ L
jk)→ Vk ⊗ L
kj ,
where q∗H0(X, jkL+ kH) is the trivial bundle over B.
Lemma 2.19. For sufficiently large k ≫ j ≫ 0, Vk is a quotient
H0(X, jkL+ kH)⊗ L−jk → Vk → 0.
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Proof. We will show this in two steps. First we will show that this is true for every
fibre, then we argue that we can choose the parameters uniformly to obtain global
generation.
On B, we have the exact sequence
0→ mb · Vk ⊗ L
kj → Vk ⊗ L
kj →
Vk ⊗ L
kj
mb · Vk ⊗ Lkj
→ 0,
with mb the ideal sheaf of b ∈ B. Note that
Vk⊗L
kj
mb·Vk⊗Lkj
is just the fibre of Vk ⊗ L
kj
at b (namely H0(Xb, H
k
b )), extended by zero. Since
H0
(
B, Vk ⊗ L
kj
)
= H0 (X, jkL+ kH) ,
we wish to show that H0 (X, jkL+ kH) surjects onto H0
(
Xb, H
k
b
)
when j, k are
sufficiently large. From the exact sequence
0→ IXb ·
(
H ⊗ Lj
)k
→
(
H ⊗ Lj
)k
→
(
H ⊗ Lj
)k
IXb · (H ⊗ L
j)
k
→ 0
on X , with IXb the ideal sheaf of Xb, this is guaranteed if
H1
(
X, IXb ·
(
H ⊗ Lj
)k)
= 0,
which holds by the ampleness of H ⊗ Lj for large j.
The k, j needed above a priori depend on b. To see that they can be taken
independent of b, it is enough to show that the function
b 7→ dim H1
(
X, IXb ·
(
H ⊗ Lj
)k)
is upper semi-continuous in the Zariski topology. This is a reasonably direct appli-
cation of the semi-continuity theorem [22, Theorem III.12.8], as we now explain.
Consider the graph Γ ⊂ X × B of π. The sheaf Hk ⊗ Ljk is flat over B, with
respect to the projection π2 to the second factor. On X × B one has an exact
sequence of sheaves
0→ IΓ → OX×B →
OX×B
IΓ
→ 0.
Since π has connected fibres,
(π2)∗
(
OX×B
IΓ
)
= π∗ (OX) = OB,
and hence pushing forward we see that IΓ is flat over B, being one term in an exact
sequence with the two others flat. It follows that IΓ · (H
k⊗Ljk) is also flat over B.
The restriction of this sheaf to the fibre over b ∈ B is precisely IXb ·(H
k⊗Ljk), and
thus by the semi-continuity theorem, the dimension map is upper semi-continuous,
as required. 
Corollary 2.20. For all k ≫ j ≫ 0, there are natural embeddings
X →֒ P(π∗(H
k)⊗ Ljk) →֒ P(H0(X, jkL+ kH))×B.
Another consequence is the following.
Lemma 2.21. There is a j ≫ 0 such that for all k ≫ j ≫ 0, the line bundle O(1)
on P(π∗(H
k)⊗ Ljk) is very ample.
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Proof. This follows from a standard part of the theory of projective bundles. We
may assume L and all of its tensor powers are very ample on B, replacing L by a
tensor power if not. Thus the line bundle OP(H0(X,jkL+kH))(1) + kL is very ample
on P(H0(X, jkL+ kH))× B, and hence its restriction to P(π∗(H
k)⊗ Ljk) is very
ample. Since
P(π∗(H
k)⊗ Ljk) ∼= P(π∗(H
k)⊗ L(j+1)k)
and
OP(pi∗(Hk)⊗L(j+1)k)(1) = OP(pi∗(Hk)⊗L(jk)(1) + kL,
the result follows. More precisely, once one takes k ≫ j ≫ 0 such that Lemma 2.19
applies, the desired result follows for all j′ > j. 
Having realised Vk as a quotient ofH
0(X, jkL+kH) of the trivial bundle over B,
we perform an analogous procedure for fibration degenerations. Let (X ,H)→ B×C
be fibration type degeneration for (X,H). Let p2 : B × C → C be the projection
onto the second factor, and π : X → B × C the natural morphism. Thus by
flatness over C, the sheaf p2∗π∗(H
l ⊗ Ljkl) is a vector bundle over C with fibre
H0(Xt,H
l
t ⊗ L
jl) for all t ∈ C, for l ≫ 0. Note that on the general fibre t 6= 0, this
is naturally identified with H0(X,H lk ⊗ Ljkl).
Roughly speaking, the following Lemma states that a fibration degeneration
arising from a degeneration of Vk can be viewed as arising from a degeneration of
Vlk for all l ≫ 0, and gives a “family version” over C of Lemma 2.19.
Lemma 2.22. For all l≫ 0, there is a surjection of sheaves over B × C
(p∗2p2∗π∗(H
l ⊗ Ljkl))⊗ L−jkl → π∗H
l → 0.
Proof. To obtain the morphism, we again employ the canonical morphism g∗g∗F →
F , valid for general morphisms g and sheaves F . From the morphisms
X
pi
→ B × C
p2
→ C,
and the bundle Hkl ⊗ Ljkl over X , the map we are considering is the canonical
morphism
p∗2p2∗
(
π∗H
l ⊗ Ljkl
)
→ π∗H
l ⊗ Ljkl.
Over each fibre we again obtain a surjection by the same strategy as Lemma 2.19,
and we wish to apply the semi-continuity theorem to go from a pointwise to global
statement. The map to B is still a contraction, so we still have flatness over B of
the structure sheaf of the graph. However, this time π∗H
kl is not, in general, flat
over B×C, as the fibers may have varying dimension. In order to circumvent this,
we first apply flattening stratification to obtain a stratification of B×C with π∗H
kl
flat on each stratum [25, Theorem 1.6]. The fact that the stratification is in the
Zariski topology then allows us to argue stratum-wise, and hence the result follows
from the same strategy as Lemma 2.19. 
Note that the statement of this Lemma, restricted to each non-zero fibre, is
simply the content of Lemma 2.19.
Next, note that the vector bundle (p2 ◦π)∗(H
l⊗Ljkl) over C admits a C∗-action,
induced from the action on Hl and hence Hl⊗Ljkl, since p2 ◦π is a C
∗-equivariant
map. Thus this bundle can be C∗-equivariantly trivialised
(p2 ◦ π)∗(H
l ⊗ Ljkl) ∼= H0(X, klH + jklL)× C.
STABILITY OF FIBRATIONS AND OPTIMAL SYMPLECTIC CONNECTIONS 15
Since X embeds in (p2 ◦ π)∗(H
l ⊗ Ljkl) by relative ampleness, it follows that X
embeds into P(H0(X, klH + jklL))× C for all l≫ 0. From the surjection
(p∗2p2∗π∗(H
l ⊗ Ljkl))⊗ L−jkl → π∗H
l → 0
of sheaves over B × C, it follows that there is a natural embedding
P(π∗H
l ⊗ Ljkl) →֒ P(p∗2p2∗π∗(H
l ⊗ Ljkl)) ∼= P(H0(X, klH + jklL))×B × C.
The form in which we will later make use of this is as follows.
Corollary 2.23. For all l ≫ 0 there are natural C∗-equivariant embeddings
X →֒ P(π∗H
l ⊗ Ljkl) →֒ P(H0(X, klH + jklL))×B × C.
Moreover, for all j ≫ 0, there is an l ≫ 0 such that the O(1) bundle on P(π∗H
l ⊗
Ljkl) is relatively very ample over C, giving an embedding
P(π∗H
l ⊗ Ljkl) →֒ P(H0(X, klH + jklL))× C.
The second part of the statement follows from the same ideas as Lemma 2.21.
2.5. Stability of fibrations. We will now associate a numerical invariant to a
fibration degeneration, leading to a stability notion for fibrations. Let (X,H) →
(B,L) be a fibration as above, and let (X ,H)→ B×C be a fibration degeneration.
As with the Donaldson-Futaki invariant of a test configuration, the numerical
invariant relevant for fibration degenerations involves the weight function of the
C∗-action. For simplicity we assume that H restricts to H on the general fibre
over C; the modifications to the definitions in the general case are straightforward,
but complicate notation. The definitions in the general case are the obvious ones;
another approach, if the line bundle H restricts to Hk, is to use the Q-line bundle
1
kH in the intersection-theoretic approach to the numerical invariants described
below. The scaling property of these invariants implies that approach using Q-line
bundles also gives the correct invariants.
The first relevant function is the dimension of the vector spaceH0(X, k(H+jL)),
given as
h(j, k) = dimH0(X, k(H + jL)) = a0(j)k
n+m + a1(j)k
n+m−1 + . . . .
The total weight of the C∗-action on H0(X0, k(H0 + jL)) is also a function
w(j, k) = b0(j)k
n+m+1 + b1(j)k
n+m + . . . .
Lemma 2.24. For k ≫ j ≫ 0, the Hilbert function h(j, k) is a polynomial of degree
n +m in k and degree n in j, and the weight function w(j, k) is a polynomial of
degree n+m+ 1 in k and degree n in j.
Proof. Both statements follow from basic intersection theory. For h(j, k), by Riemann-
Roch we have
a0(j) = (H + jL)
n+m =
(
n+m
n
)
jnLn.Hm +
(
n+m
n− 1
)
jn−1Ln−1.Hm+1 + . . . ,
a polynomial of degree n in j, and similarly for the lower order terms.
The weight polynomial is given as an Euler characteristic on the total space of
the compactification (X ,H + jL) as
w(j, k) = χ(X ,H + jL)− h0(X,H + jL),
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which is again clearly a polynomial in j and k [14, p. 315] [35, 51]. By the same
reasoning as above, since Ln+1 = 0 as dimB = n, Riemann-Roch for schemes [21,
p. 354] implies that that this is a polynomial of degree n+m+ 1 in k and degree
n in j. 
It follows that the Donaldson-Futaki invariant
DF(X ,H + jL) =
b0(j)a1(j)− b1(j)a0(j)
a0(j)
is a quotient of a polynomial in j of degree 2n by a polynomial of degree n, hence
admits an expansion
DF(X , jL+H) = jnW0(X ,H) + j
n−1W1(X ,H) +O(j
n−2).
Definition 2.25. Let (X,H)→ (B,L) be a fibration such that each fibre (Xb, Hb)
is K-polystable. We say that the fibration is
(i) semistable if W0(X ,H) ≥ 0, and when equality holds W1(X ,H) ≥ 0;
(ii) stable if W0(X ,H) ≥ 0, and when equality holds either W1(X ,H) > 0 or the
normalisation of (X , jL +H) is the trivial test configuration;
(iii) polystable if W0(X ,H) ≥ 0, and when equality holds then W1(X ,H) ≥ 0, with
equality when the normalisation of (X , jL+H) is a product test configuration.
Remark 2.26. To make sense of the definitions, it is clear that one need only
assume that the general fibre of the fibration is K-polystable. Thus, together with
Remark 2.17, one can define stability of general fibrations. Similarly, the definition
makes sense when the general fibres are simply K-semistable. In fact, we expect
that if W0(X ,H) ≥ 0 for all fibration degenerations, this implies that the general
fibre is K-semistable.
The terms W0(X ,H) and W1(X ,H) can explicitly computed from expansions
of the ai(j) and bi(j). It will be more enlightening to focus on the case when X is
normal, so that we can use the intersection theoretic formula of Proposition 2.9 to
calculate the above terms. The Donaldson-Futaki invariant is given as
DF(X , jL +H) =
n+m
n+m+ 1
−KX .(jL+H)
n+m−1
(jL+H)n+m
(jL+H)n+m+1
+ (jL+H)n+m.KX/P1.
Thus expanding in j, we see that
W0(X ,H) =
(
n+m
n
)(
m
m+ 1
(
−KX/B.L
n.Hm−1
Ln.Hm
Ln.Hm+1
)
+ Ln.Hm.KX/B×P1
)
and
W1(X ,H) =
(
n+m
n− 1
)
(C1(X ,H) + C2(X ,H) + C3(X ,H) + C4(X ,H))
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where
C1(X ,H) =
m
m+ 2
(
−KX/B.L
n.Hm−1
Ln.Hm
)
Ln−1.Hm+2,
C2(X ,H) = −
m
m+ 1
(
(−KX/B.L
n.Hm−1)(Ln−1.Hm+1)
(Ln.Hm)2
)
Ln.Hm+1,
C3(X ,H) =
(
−KX .L
n−1.Hm
Ln.Hm
)
Ln.Hm+1,
C4(X ,H) = L
n−1.Hm+1.KX/P1.
Example 2.27 (Slope stability). Ross-Thomas’s notion of slope stability often
leads to explicit constructions of unstable varieties [37]. As mentioned in Example
2.16, Stoppa-Tenni have previously used slope stability to construct a special case
of fibration degenerations [41]. They calculate the associated Donaldson-Futaki
invariant, but in a different limit than the one of interest for stability of fibrations.
Their work makes it clear that slope stability could, in principle, be used to calculate
the weights W0(X ,H) and W1(X ,H) for certain classes of fibration degenerations;
we leave this for future work.
Remark 2.28 (Fano fibrations). When H = −KX/B is the relative anti-canonical
class, so that π : (X,−KX/B)→ (B,L) is a Fano fibration, one calculates that
W0(X ,H) =
(
n+m
n
)(
m
m+ 1
Ln.Hm+1 + Ln.Hm.KX/B×P1
)
,
while(
n+m
n− 1
)−1
W1(X ,H) =
m
m+ 2
Ln−1.Hm+2+
1
m+ 1
γLn.Hm+1+Ln−1.Hm+1.KX/B×P1,
where
γ =
Ln−1.(−KX/B)
m+1
Ln.(−KX/B)m
.
Note that −γ is the degree of the CM line bundle on B induced from the family
of K-polystable varieties π : (X,−KX/B) → (B,L), so γ ≤ 0 is non-negative,
and vanishes when all fibres are isomorphic (for example, for projective bundles)
[5, Theorem 1.2]. The formulae simplify further when H = −KX/B×P1, which is
roughly analogous to special degenerations in the study of Fano varieties.
The following Lemma implies that it is really condition on W1(X ,H) in Defini-
tion 2.25 that is crucial, as the fibres are K-polystable.
Lemma 2.29. Let (X ,H)→ B×C be a fibration degeneration for (X,H)→ (B,L).
Then
W0(X ,H) =
(
n+m
n
)
Ln ·DF(Xb,Hb),
a constant multiple of the Donaldson-Futaki invariant of the test configuration
(Xb,Hb)→ C for (Xb, Hb), for generic b.
Proof. Let B0 be the open dense subset over which the degeneration is flat, pro-
duced by flattening stratification [25, Theorem 1.6]. In the Chow ring, π∗[b] equals
[π−1(b)] for any b ∈ B0, by flatness [16, Theorem 1.25]. Thus we have
π∗[b].Hm+1 = Hm+1b
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for such a point, and the intersection number Ln.Hm+1 therfore equals the product
Ln ·Hm+1b . We emphasise that the notation L
n.Hm+1 is an intersection number on
X , while Ln · Hm+1b is a product of the intersection numbers L
n and Hm+1b on B
and Xb, respectively. Proceeding similarly with the other terms in the expression
for W0(X ,H), we obtain
W0(X ,H) =
(
n+m
n
)(
m
m+ 1
(
Ln ·
(
−KXb .H
m−1
b
)
Ln ·Hmb
Ln · Hm+1b
)
+ Ln · Hmb .KXb/P1
)
=
(
n+m
n
)(
m
m+ 1
(
µ(Xb, Hb) · L
n · Hm+1b
)
+ Ln · Hmb .KXb/P1
)
=
(
n+m
n
)
Ln ·DF(Xb,Hb),
as required. 
In particular, since the fibres are K-polystable, we always have W0(X ,H) ≥ 0.
Moreover, again by the definition of K-polystability, the condition W0(X ,H) = 0
states that the fibration degeneration induces a test configuration for a general fibre
which normalises to a product. This observation leads to the following algebraic
analogue of the fact that a fibration without fibration automorphisms admits an
optimal symplectic connection, namely one from picking ωX so that it restricts to
the unique cscK metric on each fibre.
Proposition 2.30. Suppose Aut(Xb, Hb) = 0 for all b, so that each fibre (Xb, Hb)
is K-stable. Then π : (X,H)→ (B,L) is a stable fibration.
The proof requires some results on the norm of fibration degenerations that
will be established as in Section 4.3, so we refer the reader to Proposition 4.12 in
that Section for the proof. There we will also discuss various norms on the set of
fibration degenerations, and in particular in Corollary 4.11, we will show that a
fibration degeneration has norm zero (with respect to any norm) if and only if its
normalisation is the trivial fibration degeneration.
We end by discussing the link between semistability of projective bundles, viewed
as fibrations, and slope semistability of the underlying vector bundle.
Theorem 2.31. Suppose E → (B,L) is a vector bundle over a smooth polarised
variety. Then P(E)→ (B,L) is a semistable fibration if and only E → (B,L) is a
slope semistable vector bundle.
Proof. It is clear from work of Ross-Thomas that semistability of the fibration
implies slope semistability of the bundle. Firstly, any subsheaf F ⊂ E induces
a fibration degeneration by projectivising the degeneration of E to (E/F ) ⊕ F
[37, Section 5.4]. Ross-Thomas calculate the Donaldson-Futaki invariant of the
associated test configuration (P(E), jL+O(1)), and it follows from their work that
W0(X ,P(E),O(1)) = 0 and the condition W1(X ,P(E),O(1)) ≥ 0 is equivalent to
the condition µ(F ) ≤ µ(E), with µ(F ) denoting the usual slope of a vector bundle,
which is simply the condition required by slope stability.
The reverse direction requires analytic techniques. The slope semistable vector
bundle E admits an “almost Hermite-Einstein metric” by [24, Theorem 10.13], and
in particular admits a sequence of hermitian metrics ht such that
‖ΛωBFht − λ Id ‖L1 → 0,
STABILITY OF FIBRATIONS AND OPTIMAL SYMPLECTIC CONNECTIONS 19
with Fht the curvature and λ the appropriate topological constant. In the case of
projective bundles, we have
p (ΛωBρH +∆VΛωBµ
∗(FH)) = µ
∗(Fht)
by [11, Proposition 3.19]. It then follows from Theorem 1.2 that the fibration is
semistable, completing the proof of the result. 
Remark 2.32. We expect the above can be generalised to the analogous state-
ments for stability and polystability, and moreover we expect that the smoothness
hypotheses are unnecessary, as would presumably follow from a purely algebro-
geometric proof.
3. A Kempf-Ness Theorem
The goal of this Section is to understand the finite-dimensional analogue of
optimal symplectic connections and stability of fibrations. This will motivate both
the definition of stability of a fibration, and the link with differential geometry.
3.1. Compactifying the space of maps. We begin with by explaining how fi-
bration degenerations arise in algebraic geometry. Letting π : (X,H)→ (B,L) be
a flat fibration, the line bundle kjL+ kH is very ample for k ≫ j ≫ 0, producing
an embedding X →֒ PNj,k . In turn this produces an embedding
B →֒ Hilb(PNj,k)
of B into the Hilbert scheme of subschemes of projective space, via b → [Xb] ∈
Hilb(PNj,k), where Xb is the fibre of π over b ∈ B. Thus our fibration induces a
point in the scheme Hom(B,Hilb(PN )) of morphisms from B to Hilb(PNj,k). There
is a natural GL(Nj,k+1)-action on P
N , inducing an action on Hilbh(k)(P
Nj,k). One
thus obtains an action on Hom(B,Hilbh(k)(P
Nj,k)) via right composition
ϕ→ g ◦ ϕ
for g ∈ GL(Nj,k + 1). The space Hom(B,Hilbh(k)(P
Nj,k)) is, however, not proper,
and the goal of this Section is to produce a natural compactification. Fibration
degenerations will then arise from C∗-subgroups of GL(Nj,k + 1).
We will use, at several points, the extra structure of the embedding X →֒ PNj,k
proved in Section 2. Firstly, for k ≫ j ≫ 0, the pushforward π∗(H
k) is a vector
bundle by flatness andX →֒ P(π∗(H
k)⊗Ljk) is an embedding by relative ampleness
of H . This induces a sequence of embeddings by Corollary 2.20
X →֒ P(π∗(H
k)⊗ Ljk) →֒ P(H0(X, kjL+ kH))×B,
associated to the surjection of bundles over B
H0(X, jkL+ kH)→ π∗(H
k)⊗ Ljk → 0.
By Lemma 2.21, very ampleness of the O(1) line bundle implies that there is also
a natural embedding
P(π∗(H
k)⊗ Ljk) →֒ P(H0(X, kjL+ kH)).
Similarly, by Lemma 2.19 there is a surjection of bundles over B.
We will now consider an abstract subvariety of projective space satisfying similar
conditions. Let X ⊂ PN be a smooth projective linearly normal variety, which
admits the structure of a smooth (hence flat) fibration π : X → B. Linear normality
means that H0(X,O(1)) ∼= H0(PN ,O(1)). We assume that OPN (1) is relatively
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very ample, so that π∗O(1) is a vector bundle on B by flatness, and we assume that
OP(pi∗O(1))(1)→ P(π∗O(1)) is a very ample line bundle. This induces an embedding
ϕ : B →֒ Hilbh(k)(P
N ),
if h(k) is the Hilbert polynomial of (Xb,O(k)), as well as a surjection
H0(PN ,O(1))→ π∗O(1)→ 0
of bundles over B just as above. We will also denote by l(k) the Hilbert polynomial
of X ⊂ (PN ,O(1)).
Thus associated to X , we have a point [X ] ∈ Hilbl(k)(P
N ), and a point [ϕ] ∈=
Hom(B,Hilbh(k)(P
N ). Both Hom(B,Hilbh(k)(P
N ) and Hilbl(k)(P
N ) have natural
GL(N +1)-actions, induced from the action on PN . Let Φ ⊂ Hom(B,Hilbh(k)(P
N )
denote the orbit of [ϕ] ∈ Hom(B,Hilbh(k)(P
N ); this is the space we wish to com-
pactify. Φ has an associated fibration (XΦ,OΦ(1))→ B×Φ, constructed by pulling
back the universal family (Z,OZ(1)) → Hilbh(k)(P
N ) over the Hilbert scheme via
the evaluation morphism
ev : Hom(B,Hilbh(k)(P
N ))×B → Hilbh(k)(P
N ).
Over each point of Φ, this family is isomorphic to X → B by definition of Φ.
Lemma 3.1. There is a natural embedding
Φ →֒ Hilbl(k)(P
N ).
Proof. This follows since B → Hom is an embedding by our hypotheses. Over each
point ψ ∈ Φ ⊂ Hom, the fibration XΦ,ψ → B, defined by taking the fibre over ψ,
admits a natural embedding in PN , since X → B itself embeds in PN by hypothesis.
This defines XΦ as a subscheme of P
N ×Φ, giving a map Φ→ Hilbl(k)(P
N ) by the
universal property of the Hilbert scheme. Since ϕ : B → Hom is itself an embedding,
the same as true for each point of Φ, which implies that the map Φ→ Hilbl(k)(P
N )
we have constructed is also an embedding. 
We now produce a natural compactification of Φ. Associated to π : X → B is
the surjection
H0(PN ,O(1)) ×B → π∗O(1)→ 0
of vector bundles over B. Let Quot denote the universal quotient of the trivial
bundle H0(PN ,O(1))×B over B, and let U → Quot×B be the associated universal
family, so that [π∗O(1)] ∈ Quot. The embedding X →֒ π∗O(1) then exhibits [X ] as
a point in Hilb(P(U)), which is a projective scheme. We perform the same process
in families to embed Φ →֒ Hilb(P(U)), which is then the compactification of interest
to us.
The universal family q : (XΦ,OΦ(1))→ B × Φ induces a bundle q∗(OΦ(1)) over
B × Φ, which admits a surjection
H0(PN ,O(1)) ×B × Φ→ q∗(OΦ(1))→ 0.
By the universal property of the Quot scheme, this gives a map Φ→ Quot such that
the pullback of U to Φ agrees with q∗(OΦ(1)). The embedding XΦ →֒ P(q∗(OΦ(1)))
induces an embedding XΦ →֒ P(U) × Φ, giving by the universal property of the
Hilbert scheme the required embedding
(3.1) Φ →֒ Hilb(P(U)).
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The crucial point is that each point of Hilb(P(U)) corresponds to a scheme which
admits a morphism to B, since P(U) itself admits a morphism to B. This is why
Hilb(P(U)) is the important object in the study of fibrations.
We now turn to the natural GL(N + 1)-action on PN , which induces an action
on Φ ⊂ Hom(B,Hilbh(k)(P
N )) via right composition. Fibration degenerations, in
this way, are automatically equivalent to one-parameter subgroups of GL(N + 1).
Lemma 3.2. A fibration degeneration is equivalent to a one-parameter subgroup
of GL(Nj,k + 1), acting on Hilb(P(Uj,k)) for some j, k.
Here Uj,k is the universal family associated to the Quot scheme constructed
above, for arbitrary j, k.
Proof. The proof is similar to that of Ross-Thomas for test configurations [38,
Proposition 3.7]. Let [X ] ∈ Hilb(P(Uj,k)). Given such a C
∗ →֒ GL(Nj,k+1), taking
the closure
X = C∗.X ⊂ Hilb(P(Uj,k))
inside the proper scheme Hilb(P(Uj,k)), it follows that X admits a a C
∗-action and
an equivariant morphism to B × C. The O(1)-line bundle on P(Uj,k) restricts to a
line bundle on X , hence producing a fibration degeneration.
Conversely, given a fibration degeneration (X ,H)→ (B,L), Corollary 2.23 pro-
duces an embedding
P(π∗H
l ⊗ Ljkl) →֒ P(H0(X, klH + jklL))×B × C,
meaning a surjection H0(X, klH + jklL)× B × C → π∗H
l ⊗ Ljkl → 0 of bundles
over B×C. This produces a map C→ Quot, such that π∗H
l⊗Ljkl is the pullback
of the universal quotient over Quot. The embedding X →֒ π∗H
l ⊗ Ljkl exhibits X
as a subscheme of P(Uj,k) × C, and equivariance of this construction implies that
X arises through a C∗-subgroup of GL(Nj,k + 1). 
3.2. A moment map for fibrations. We now turn to the Ka¨hler geometry, and
construct a moment map for the SU(N+1)-action on Φ induced from the GL(N+1)-
acion. We first construct a Ka¨hler metric on Φ.
Proposition 3.3. Φ admits a natural SU(N +1)-invariant Ka¨hler metric on each
GL(N + 1)-orbit.
Proof. It is well known that the Hilbert scheme variety Hilbh(k)(P
N ) admits a
natural Ka¨hler metric ΩHilb, defined first by Zhang [56, Theorem 1.6]. We work in
our fixed orbit Φ. Explicitly, letting Y ⊂ PN be a subvariety of dimension m be
associated to a point in Φ, one can identify T[Y ]Hilbh(k)(P
N ) with H0(Y, TPN |Y ).
Then the Ka¨hler metric is given as
ΩHilb[Y ] (u, v) =
∫
Y
ωFS(u, v)ω
m
FS ,
where ωFS(u, v) denotes the pairing between the Fubini-Study metric and the nor-
mal components of u, v to Y [44, p. 25].
Consider the following diagram.
Φ×B Hilbh(k)(P
N )
Φ
q
ev
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One then obtains a smooth form on Φ via
Ω = q∗(ev
∗ΩCh ∧ ωnB),
with q∗ denoting the fibre integral. This form is closed by general properties of the
fibre integral. So what remains is to show that this is Ka¨hler on Φ.
Let ψ ∈ Φ induce a fibration Xψ ⊂ PN , via the natural embedding of Φ into
Hilbl(k)(P
N ). Via this embedding, a tangent vector u to Φ at ψ can in particular
be understood as an element H0(Xψ, TPN |Xψ ) just as above.
We claim that ωB(u, ) = 0. Since we are working in a fixed GL(N + 1)-orbit, a
tangent vector at ψ corresponds to an element of the Lie algebra gl(N+1). We may
then assume u corresponds to a rational element by continuity, and hence integrates
to a C∗-action on the orbit Φ. This induces a fibration degeneration by Lemma 3.2.
Then by Proposition 3.10, proved in Section 3.3 below, the Hamiltonian associated
to this C∗-action vanishes, and hence indeed ωB(u, ) = 0.
Since ωB(u, ) = 0, we have
(3.2) Ω[ψ](u, v) =
∫
B
(∫
Xψ/B
ΩHilb
Xψ
b
(u, v)
)
∧ ωnB,
proving positivity since ΩHilb is positive.
The form ΩHilb is SU(N + 1)-invariant, hence since SU(N + 1) acts trivially on
ωB, so is Ω. 
Remark 3.4. The above is motivated by a construction due to Wang in the setting
of bundles [48, Lemma 3.3].
We next give an algebro-geometric understanding of the Ka¨hler metric Ω just
produced, by exhibiting it as the curvature of a metric on an associated line bundle
over Φ. This uses the language of Deligne pairings, for which we refer to [32] for
an introduction. Briefly, let π : Z → Y be an arbitrary flat projective morphism of
integral schemes of relative dimension m, and suppose L0, . . . , Lm are line bundles
on Z. One can push forward the cycle
L0 · . . . · Lm
on Z to obtain a cycle
π∗(L0 · . . . · Lm)
on Y . The Deligne pairing upgrades this to a line bundle on Y , denoted
〈L0, . . . , Lm〉,
whose first Chern class is the same as of the cycle L0 · . . . · Lm.
Suppose now that each Li is given a hermitian metric hi with curvature ωi. One
can then induce a Deligne metric on the Deligne pairing 〈L0, . . . , Lm〉, which is a
hermitian metric denoted by
〈h0, . . . , hm〉.
When π is a smooth morphism, the Deligne metric is a smooth hermitian metric
by standard properties of the fibre integral. Its curvature is then given by the fibre
integral ∫
Z/Y
ω0 ∧ . . . ∧ ωm,
which is a closed (1, 1)-form on Y .
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Lemma 3.5. Consider the universal fibration XΦ → Φ×B over Φ, and let O(Φ)(1)
and L be the line bundles on XΦ induced by the universal family and via pullback
from B. Then Ω is the curvature of a Deligne metric on the Deligne pairing
LHom = 〈O(1), . . . , O(1), L, . . . , L〉,
with m+ 1 factors of O(1) and n factors of L.
Proof. One sees from Equation (3.2) and Zhang’s definition of ΩCh through the
Deligne pairing that
Ω =
∫
XΦ/Φ
ωm+1FS ∧ ω
n
B.
Thus the result follows from the formula for the curvature of the Deligne pairing. 
We next turn to the moment map. Recall the moment map µFS : P
N → suN+1
for the SU(N + 1)-action on projective space, defined by
µFS([z0 : . . . : zN ]) = i
ziz¯j
|z|2
−
i
N + 1
.
This induces a moment map µHilb : Hilbh(k)(P
N )→ suN+1, defined by
µHilb(Y ) =
∫
Y
µFSω
m
FS ,
see for example [48]. Strictly speaking as above, the metric is only Ka¨hler on any
given smooth stratum, but this is irrelevant for our situation. Define a map
µ : Φ→ suN+1
by
µ([ψ]) =
∫
B
∫
Xψ/B
µFSω
m
FS ∧ ω
n
B =
∫
B
µHilb(Xψ, b)ω
n
B.
Here µHilb(Xψ, b) = µHilb(Xψ)(b) ∈ suN+1. Note here that for each fibre X
ψ
b ,
the volume
∫
Xψ
B
ωmFS is the same by flatness, meaning that the integral does lie in
suN+1.
Proposition 3.6. µ is a moment map for the SU(N +1)-action on Φ with respect
to the Ka¨hler metric Ω.
Proof. Let g ∈ su induce g˜ ∈ T Hilb(PN ) via the infinitesimal action. Then
ιg˜Ω =
∫
B
ιg˜Ω
HilbωnB =
∫
B
ϕ∗(d〈µHilb, g〉)ω
n
B,
where we have used that µHilb is a moment map. Then∫
B
ϕ∗(d〈µHilb, g〉)ω
n
B = q∗(ev
∗(d〈µHilb, g〉) ∧ ω
n
B),
= d〈q∗((ev
∗µHilb)ω
n
B), g〉.
The equivariance of the moment map follows from equivariance of µHilb. 
Remark 3.7. Our proof is almost identical to Wang’s analogous proof in the setting
of bundles [48, Lemma 3.4].
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The main goal of this Section is to give an algebro-geometric understanding of
when Φ admits a zero of the moment map µ. The key point is that, for each fibration
degeneration, one can extend the line bundle produced by the Deligne pairing to all
of C, rather than just the C∗ orbit inside Φ. Indeed, as a fibration degeneration is
a morphism of irreducible varieties, the Deligne pairing theory applies to produce
a line bundle on C
LHom = 〈H, . . . ,H, L, . . . , L〉 → C.
The C∗-action on X fixes 0 ∈ C and acts on the one-dimensional vector space
〈H, . . . ,H, L, . . . , L〉0 with some weight, which we define to be
(3.3) µ(λ, [X ]) = wt〈H, . . . ,H, L, . . . , L〉0.
The following weight will be essential in giving an algebro-geometric understanding
the moment map µ algebro-geometrically.
Lemma 3.8. The weight µ(λ, [X ]) is given by
µ(λ, [X ]) = Hm+1.Ln = b0,0,
where b0,0 is the leading order term in j and k of the weight polynomial.
Proof. The GIT weight is the weight of the action on LCh|[X0]. By a standard
compactification argument, one can equivariantly compactify LCh → C to LCh →
P1, and the GIT weight becomes the degree of this line bundle on P1; see for
example [1, Lemma 2.6]. Since this is a Deligne pairing on P1, the definition of its
first Chern class implies that this equals Hm+1.Ln. In turn, as in Section 2, this
equals the term b0,0 [35, Theorem 3.2], [51, Proposition 17]. 
3.3. Equivariant Chern-Weil theory. This Section contains a technical result,
which will allow us to give a differential-geometric interpretation of the weight
µ(λ, [X ]). This will be crucial in relating stability to the moment map theory, and
since this gives a differential-geometric interpretation also for b0,0, this will also
important in motivating the results of Section 4.
The Hamiltonian condition on a (not necessarily compact) complex manifold
(Y, ω) states for a real holomorphic vector field v on Y that
dh = ιvω.
The following Lemma states that, on the central fibre of a test configuration, one
obtains a Hamiltonian for the natural C∗-action on the smooth locus, which extends
as a continuous function on the total space.
Lemma 3.9. Let (X0,H0, L) be the central fibre of a fibration degeneration. Let
ωFS ∈ c1(H|0) be the restriction of a Fubini-Study metric arising from embedding
the fibration degeneration in projective space. Then there is a continous function
hj = jhB + h
on X0 which is a Hamiltonian on the smooth locus of X0 with respect to jωB+ωFS,
with h the restriction of the standard Hamiltonian on projective space.
Proof. This is a straightforward consequence of the perspective taken in [7]. Indeed,
working on the total space (X , jL +H) of the test configuration, it is noted there
that any S1-invariant Ka¨hler metric jωB+ωFS ∈ c1(2jL+H) induces a continuous
function hj on X which is a Hamiltonian on the smooth locus [7, Lemma 2.17]; this
is proved for arbitrary Ka¨hler test configurations. The construction even implies, for
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example, that if f :W → X is any morphism withW smooth, then f∗h is a smooth
function on Z. We apply this to the Ka¨hler metrics ωFS + jωB ∈ c1(2jL + H),
which by restriction gives a sequence of continuous functions hj on X0. Since these
functions are genuine Hamiltonians in the usual sense on the smooth locus of X0,
by linearity and the definition of a Hamiltonian one sees that they take the form
hj = h+ jhB,
with h the standard Hamiltonian restricted from projective space. 
The proof above does not use the fact that the central fibre X0 arose from a fibra-
tion degeneration. We next show that for fibration degenerations, the Hamiltonians
have a special form.
Proposition 3.10. The Hamiltonians constructed in Lemma 3.9 are actually in-
dependent of j. That is, hB = 0.
Proof. Our strategy is to consider the integral
f(j) =
∫
X0
(jhB + hX)
2(jωB + ωFS)
m+n,
which has leading order term in j
f0(j) =
∫
X0
jn+2h2Bω
n
B ∧ ω
n
FS .
If we can show that actually f0(j) vanishes, then hB must equal zero on the smooth
locus of X0, and hence by continuity must vanish on X0.
Donaldson shows that if Y is a subscheme of projective space fixed under a
C∗-action on projective space, and if
wtH0(Y,OY (k)) = b
Y
0 k
dimY +O(kdimY−1),
with wt denoting the total weight of the C∗-action on this vector space, then
bY0 =
∫
Y
hFSω
dimY
FS ,
where hFS is the Hamiltonian with respect to the Fubini-Study metric ωFS on
projective space [15, Section 5.1]. Moreover, if
dY (k) = tr(Ak)
2 = dY0 k
dimY+2 +O(kdimY+1),
with Ak the trace squared of the weights, then
dY0 =
∫
Y
h2FSω
dimY
FS .
Essentially the same results had earlier been proven by Wang [49, Theorem 26],
however Donaldson’s strategy adapts more readily to our situation. Clearly our re-
sult is a variant of this sort of result, so we briefly recall the strategy of Donaldson’s
proof.
The main point of Donaldson’s argument is that h is a smooth function on
projective space, which allows one to integrate over the smooth locus of X0. In the
integral of interest, the scheme X0 is viewed as a cycle, so the integral is defined
as a sum over the integrals over each of the irreducible components, each of which
admits a C∗-action. If an irreducible component is not reduced, the integral in
turn is defined as a multiple of the integral over the induced reduced scheme. On
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the smooth locus of (a component of) X0, the function h is a genuine Hamiltonian,
and in order to understand the term bY0 Donaldson then constructs an n+m+ 1-
dimensional scheme Y with a line bundle LY which satisfies
Lm+n+1Y =
∫
Y
c1(LY)
m+n+1 = −
∫
X0
hωm+nFS .
The scheme Y is constructed using a fibre bundle construction, so in our situa-
tion retains a map πY : Y → B. What we wish to emphasise here is that it
is not genuinely important that one uses the Fubini-Study metric and its associ-
ated Hamiltonian, rather what is important is that the natural Hamiltonian on the
smooth locus extends to a continuous function on the entire scheme, which is then
automatic for a Hamiltonian restricted from projective space.
Examining Donaldson’s construction in our situation of a fibration degeneration,
one sees in this situation that one obtains a line bundle HY such that
LY = HY + 2jπ
∗
YL.
The construction for line bundles is perhaps more transparent from Ross-Thomas’s
exposition [39], from which it follows that the line bundle associated to L→ X0 on
Y is of the form π∗YL.
In order to deal with the dY0 term, Donaldson similarly constructs an n+m+ 2
dimensional scheme πZ : Z → B with a line bundle HZ such that
(3.4)
∫
X0
(h+ jhB)
2(ωFS + jωB)
m+n =
∫
Z
(HZ + 2jπ
∗
ZL)
m+n+2,
just as above. Here we are using that in Donaldson’s construction, it is not impor-
tant that one uses the Fubini-Study metric, but rather all one needs is a continuous
Hamiltonian extending a genuine one on the smooth locus, whose existence in our
situation follows from the previous paragraph. On the right hand side, by the
projection formula and the fact that dimB = n one sees that∫
Z
(2jc1(π
∗
ZL))
n+2.c1(HZ)
m = (2jπ∗ZL)
n+2.HmZ = 0,
hence on the left hand side of equation (3.4) the jn+2-coefficient satisfies∫
X0
h2Bω
m
FS ∧ ω
n
B = 0.
It follows that hB is zero on the smooth locus of X0, hence by continuity vanishes
on X0. 
Corollary 3.11. We have ∫
X0
hωmFS ∧ ω
n
B = b0,0.
Proof. As hB = 0, an application of Donaldson’s result to our situation gives∫
X0
h(ωFS + jωB)
m+n = b0(j).
Expanding in j gives ∫
X0
hωmFS ∧ ω
n
B = b0,0,
which is precisely what we wished to prove. 
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3.4. Relating stability to moment maps. We return now to our orbit Φ, which
admits a GL(N + 1)-action, and let [ϕ] ∈ Φ. By analogy with Geometric Invariant
Theory, we make the following definition:
Definition 3.12. We say that a point [ϕ] is
(i) semistable if and only if for all one-parameter subgroups λ, we have µ(λ, [ϕ]) ≥
0.
(ii) stable if and only if for all non-trivial one-parameter subgroups λ we have
µ(λ, [ϕ]) > 0.
(iii) polystable if and only if for all one-parameter subgroups λ /∈ Lie(Stab([X ])),
we have µ(λ, [ϕ]) > 0, with equality otherwise.
Here, as before, for λ : C∗ →֒ SL(N + 1) a one-parameter subgroup we denote
µ([ϕ], λ) = wtLHom([X0]),
following Equation (3.3).
The criterion in the polystability definition has a concrete interpretation in terms
of the fibration π : X → B associated to [ϕ]. Note that one can modify the below
to obtain a statement concerning SL(N + 1) in a natural way.
Lemma 3.13. Let [ϕ] ∈ Φ. Then the stabiliser Stab([ϕ]) under the GL(N + 1)-
action can be identified with
Aut(X/B,O(1)) = {g ∈ Aut(X,OPN (1)) : π ◦ g = π}.
Proof. We take for granted the standard statement that an element g ∈ SL(N +
1) fixes X if and only if g ∈ Aut(X,OPN (1)). Thus suppose in addition g ∈
Aut(X/B,O(1)) ⊂ Aut(X,OPN (1)). Then ϕ ◦ g = ϕ, since g fixes each fibre.
Hence Aut(X/B,O(1)) ⊂ Stab([ϕ]).
Conversely, let g ∈ Stab([ϕ]) ⊂ GL(N + 1). Note that Stab([ϕ]) ⊂ Stab([X ]) =
Aut(X,OPN (1)), since the condition that g ∈ Stab([ϕ]) means that g ∈ Stab([Xb])
for all b ∈ B. But if g ∈ Aut(X,OPN (1)) \ {Aut(X/B,H)}, then there is a b ∈ B
such that g(y) /∈ Xb for some y ∈ Xb. But then g ◦ ϕ 6= ϕ, a contradiction. 
We can now prove the main result of this Section:
Theorem 3.14. [ϕ] is polystable if and only if the orbit Φ of [ϕ] contains a zero
of the moment map
µ : Φ→ su(N + 1).
Moreover, in a fixed orbit, zeroes of the moment map are unique up to the action
of Stab([X ]).
Analogous results hold for stability and semistability. Since we are working
on a non-compact space, this does not follow directly from the versions of the
Kempf-Ness Theorem in the literature. We will see, however, with an integral class
(allowing a rationality statement), that the techniques of the standard proofs apply
in our situation.
Proof. We first show that if the orbit of [ϕ] admits a zero of the moment map, then
[ϕ] is GIT polystable. Since µ is a moment map, convexity implies that the limit
derivative of the associated log norm functional is greater than or equal to zero,
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with strict positivity for one-parameter subgroups not contained in the stabiliser of
[ϕ]. The derivative of the log norm functional is explicitly
f(t) =
∫
λ(t).[X]
hλω
m
FS ∧ ω
n
B,
with hλ the induced Hamiltonian. Thus the limit as t tends to zero is given by the
integral ∫
[X0]
hλω
m
FS ∧ ω
n
B.
This equals the GIT weight by Corollary 3.11 and Lemma 3.8, proving the first
part of the statement.
For the reverse direction, we must show that if [ϕ] is GIT polystable, then it
admits a zero of the moment map. The cleanest way of showing this is to use the
technique exposited by Thomas [44]; we briefly recall his argument. One begins by
fixing a maximal torus T ⊂ SL(N +1) with a basis λj of one-parameter subgroups.
For each such one-parameter subgroup, GIT polystability is shown in [44, Theorem
4.4] to imply the existence of a point on which the Hamiltonian vanishes, using
that the action admits a linearisation. Since the λj commute, one can find a point
at which all Hamiltonians vanish. By equivariance of the moment map, this shows
that the moment map itself vanishes at this point, just as in [44, Theorem 4.4].
Uniqueness is a standard consequence of convexity. 
4. Semistability as a necessary condition
In this Section we prove the main result of the paper. Recall that for a fibrewise
cscK metric ωX , we let η = ΛωBρH +∆VΛωBµ
∗(FH), and denote by p : C
∞(X)→
C∞E (X) the projection onto fibrewise holomorphy potentials, so that the condition
p(η) = 0 is the optimal symplectic connection condition.
Theorem 4.1. For all j ≫ 0 we have
inf
ωX
‖p(η)‖1 ≥ − inf
(X ,H)
jW0(X ,H) +W1(X ,H)
‖(X ,H)‖∞
.
Here the infimum on the left is taken over all fibrewise cscK metrics ωX ∈ c1(H),
while the infimum on the right is taken over all fibration degenerations. The norm
used is the L∞-norm of a fibration degeneration, defined as Definition 4.10 in
Section 4.3. As before, we use the notation (X ,H) to signify the data of the
fibration degeneration (X ,H)→ (B,L) for (X,H)→ (B,L).
Corollary 4.2. If a fibration admits an optimal symplectic connection, then it is
a semistable fibration.
Proof. Setting ωX to be an optimal symplectic connection, the infimum on the left
hand side of Theorem 4.1 is zero. Thus W0(X ,H) ≥ 0, and when W0(X ,H) = 0,
it follows that W1(X ,H) ≥ 0, meaning the fibration is semistable. 
The proof will consist of several steps. Heuristically, we reduce to a finite di-
mensional problem using Bergman kernels, and then apply convexity of a finite
dimensional moment map to obtain the lower bound. The strategy is motivated by
work of Donaldson [15], however necessarily differs at several key points. In partic-
ular, we use the Bergman kernel at a different step, roughly in a more linear way
that Donaldson. This allows us to prove the above, but prevents us from working
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with more general norms. The L∞-norm has a special subharmonicity property
that we expect holds in general, but are unable to establish; see Remark 4.8. When
B is a point we recover parts of Donaldson’s work, with a slightly different strategy.
As we are thus proving a more detailed result than Donaldson, new complications
arise from the base (B,L).
4.1. Bergman kernels. Any embedding of X in projective space induces a Ka¨hler
metric on X by restricting the Fubini-Study metric. The Bergman kernel describes
how, using the natural L2-orthogonal embeddings of X inside projective space
induced from the hermitian metrics on kjL + kH , the Fubini-Study metrics ap-
proximate the fixed Ka¨hler metrics in kjc1(L) + kc1(H). It will be important to
use the Ka¨hler metrics
ξj = jωB + ωX + j
−1i∂∂¯ϕR
rather than the Ka¨hler metrics ωj = jωB +ωX . Recall from Section 2.1 that ϕR is
the fibrewise mean zero function on X chosen such that the expansion in Corollary
2.6 holds. We denote by hj the hermitian metric on jL+H with curvature ξj .
The L2-inner product on the vector space H0(X, k(jL + H)) is defined for all
k > 0 as
〈s, t〉 =
∫
X
(s, t)h⊗k
j
(kξj)
m+n
(m+ n)!
.
Thus one can take an L2-orthonormal basis si of H
0(X, k(jL +H)) and define a
function ρk,j ∈ C
∞(X) by
ρj,k =
∑
i
|si|
2
hj ,
which one checks is independent of chosen orthonormal basis. The following re-
sult, due to several authors and beginning with work of Tian [45] and Bouche [3],
describes the behaviour of the Bergman kernel in the asymptotic limit k →∞.
Theorem 4.3. [42, Theorem 7.4] There is a C∞-expansion
ρj,k = 1 + k
−1
(
m+ n
2
)
S(ξj) +O(k
−2).
As explained by Donaldson [13, Proposition 6], this expansion is uniform in
compact families of metrics. Thus one can employ the expansion of the scalar
curvature of ξj in j from Corollary 2.6, giving
ρj,k = 1 + k
−1
(
m+ n
2
)
(S(ωb) + j
−1(ΛωBΩ− cΩ + p(η)) +O(j
−2)) +O(k−2),
which gives
ρj,k = 1 + k
−1
(
m+ n
2
)
(S(ωb) + j
−1(ΛωBΩ− cΩ + p(η))) +O(k
−2, k−1j−2).
The notation O(·, ·) means that there is a dependence on both the indicated rates,
so that e.g. f = g +O(k−2, j−1) means that |f − g| ≤ Ck−2 + C′j−1.
An L2-orthonormal basis s0, . . . , sNj,k of H
0(X, k(jL+H)) gives an embedding
ϕj,k : X → P
Nj,k = P(H0(X, k(jL+H)))
by
x→ [s0(x) : . . . : sNj,k(x)].
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The Fubini-Study metric ωFS on P
Nj,k restricts to a Ka¨hler metric ϕ∗j,k(ωFS) on
X . This Ka¨hler metric on X is independent of choice of L2-orthonormal basis of
H0(X, k(jL+H)), but depends on j and k.
The basic important property of the Bergman kernel is the following.
Lemma 4.4. [42, Corollary 7.5] We have
ϕ∗j,k(ωFS)− kξj = i∂∂¯ log ρj,k.
At the level of volume forms, by taking a power series expansion of the logarithm
function, this implies the following.
Corollary 4.5. We have
ϕ∗j,k(ωFS)
m+n = km+njn
(
m+ n
n
)
ωmX ∧ ω
n
B
+ km+njn−1
((
m+ n
n− 1
)
ωm+1X ∧ ω
n−1
B +m
(
m+ n
n
)
ωm−1X ∧ i∂∂¯ϕR ∧ ω
n
B
)
+O(km+n−1jn, km+njn−2).
One can use the Bergman kernel again to (asymptotically) replace kmωmX ∧ ω
n
B
with ωmFS ∧ ω
n
B.
4.2. Reduction to finite dimensions. There are various norms on function
spaces on X , defined using the available metrics. The most important for us will
be the L1-norm, defined by
‖f‖1 =
∫
X
|f |ωmX ∧ ω
n
B.
Recall in addition the projection operators q : C∞(X)→ C∞0 (X) and p : C
∞(X)→
C∞E (X) sending functions to functions with fibre integral zero and to functions
which are fibrewise holomorphy potentials respectively. Note that q sends constants
to zero.
Since the Ka¨hler metrics
ξj = ωj + j
−1i∂∂¯ϕR = jωB + ωX + j
−1i∂∂¯ϕR
satisfy
S(ξj) = Sˆb + j
−1(S(ωB)− ΛωBα+ p(η)) +O(j
−2),
we have
q(S(ξj)) = j
−1p(η) +O(j−2),
= p(S(ωj)) +O(j
−2)
Thus
‖p(η)‖1 = j‖q(S(ξj))‖1 + O(j
−1).
We now fix a fibration degeneration (X ,H) → (B,L). By Corollary 2.23, for
all k ≫ j ≫ 0 this degeneration can be realised through a 1-parameter subgroup
of GL(Nj,k + 1), hence embedding X inside P(H
0(X, k(jL + H))) × C. Thus in
what follows we will be most concerned in the asymptotic behaviour. Perhaps
applying a unitary change of basis, we assume the action is diagonal, hence admits
a Hamiltonian function h with respect to the Fubini-Study metric of the form
h =
∑
i
hi|zi|
2∑
i |zi|
2
.
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The fibration degeneration has associated numerical invariants h(j, k) and w(j, k)
given by the Hilbert polynomial and weight polynomial respectively, with h(j, k) is
of degree n+m in k and degree n in j, and with w(j, k) of degree n+m+ 1 in k
and n in j by Lemma 2.24. The leading order terms of h(j, k) and w(j, k) in k are
denoted a0(j) and b0(j) respectively. In what follows, ‖f‖∞ denotes the L
∞-norm
of a function, namely the maximum of its absolute value.
Proposition 4.6. The function ‖p(η)‖1
∥∥∥∑i hi|si|2hk
X
⊗hkj
B
− w(j,k)km+na0(j)
∥∥∥
∞
is bounded
below by
−
(
m+ n
n
)−1
k1−m−nj1−n
∫
X
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
ωm+nFS
−
(
m+ n
n
)−1
k−m−nj−n
∫
X
(∑
i
hi
|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
(ΛωBΩ− CΩ)ω
m+n
FS .
Proof. The proof begins with an examination of the classical balancing functional,
which takes the form
B(ϕj,k(X)) =
∫
X
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
ωm+nFS
(m+ n)!
,
with ϕj,k : X → P(H
0(X, kjL + kH)) the Kodaira embedding. The function h is
homogeneous in the |zi|
2, so we can write
h =
∑
i
hi|zi|
2∑
i |zi|
2
=
∑
i
hi|si|
2
hj
B
⊗hX∑
i |si|
2
hj
B
⊗hX
=
∑
i
hi|si|
2
hj
B
⊗hX
ρj,k
.
When clear from context, we will from now on omit the the norm subscript in
|si|hj
B
⊗hX
.
Let Sˆj be the constant satisfying
∫
X Sˆjω
m+n
j =
∫
X S(ωj)ω
m+n
j . Then, using(
m+ n
2
)
Sˆj =
a1(j)
a0(j)
one computes
1
h(j, k)
=
1
a0(j)km+n
(
1− k−1
(
m+ n
2
)
Sˆj
)
+O(k−m−n−2).
Using this together with the Bergman kernel expansion for ρj,k, we see
B(ϕj,k(X))
=
∫
X
(∑
i
hi|si|
2(1− k−1
(
m+ n
2
)
S(ξj))−
w(j, k)
km+na0(j)
(1− k−1
(
m+ n
2
)
Sˆj)
)
(kξj)
m+n
(m+ n)!
+O(km+n−1jn).
Since w(j, k) =
∑
i hi, the L
2-orthonormality of the si implies∫
X
∑
i
hi|si|
2 (kξj)
m+n
(m+ n)!
=
∫
X
w(j, k)
km+na0(j)
(kξj)
m+n
(m+ n)!
+O(km+njn, km+n+1jn−1).
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Thus since the function w(j,k)km+na0(j) is constant, this gives
B(ϕj,k(X)) = k
−1
∫
X
(
−
∑
i
hi|si|
2 +
w(j, k)
km+na0(j)
)
S(ξj)
(kξj)
m+n
(m+ n)!
+O(km+n−1jn),
= k−1
∫
X
(∑
i
hi|si|
2 −
w(j, k)
km+na0(j)
)
(Sˆj − S(ξj))
(kξj)
m+n
(m+ n)!
+O(km+n−1jn).
We now allow j to vary. Recall
S(ξj) = S(ωb) + j
−1(S(ωB)− Λωα+ p(η)) +O(j
−2),
while
Sˆj = Sˆb + j
−1Sα +O(j
−2).
Thus
S(ξj)− Sˆj = j
−1(S(ωB)− Λωα− Sˆα + p(η)) +O(j
−2)
= j−1(ΛωBΩ− CΩ + p(η)) +O(j
−2).
Substituting this into the balancing energy gives
B(ϕj,k(X)) =j
−1k−1
∫
X
(∑
i
hi|si|
2 −
w(j, k)
km+na0(j)
)
(CΩ − ΛωBΩ− p(η))
(kξj)
m+n
(m+ n)!
+O(km+n−1jn−1, km+njn−2).
Here we have used that S(ωb) = Sˆb to control the term involving the subleading
order term in the volume form expansion of Corollary 4.5; since this has one coef-
ficient of the form S(ωb) = Sˆb, it vanishes to leading order. This shows that in the
O(k2m+2n−2) term this expression is accurate to O(jn−2), as claimed. Rearranging
gives
∫
X
p(η)
(∑
i
hi|si|
2 −
w(j, k)
km+na0(j)
)
(kξj)
m+n
(m+ n)!
=− jkB(ϕj,k(X))−
∫
X
(ΛωBΩ− CΩ)
(∑
i
hi|si|
2 −
w(j, k)
km+na0(j)
)
(kξj)
m+n
(m+ n)!
+O(km+n, km+n+1jn−1).
Using the Bergman kernel again, we see that
∫
X
(ΛωBΩ− CΩ)
(∑
i
hi|si|
2 −
w(j, k)
km+na0(j)
)
(kξj)
m+n
(m+ n)!
=
∫
X
(ΛωBΩ− CΩ)
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
(kξj)
m+n
(m+ n)!
+O(km+n, km+n+1jn−1).
To conclude the proof we use Ho¨lder’s inequality, which implies
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‖p(η)‖1
∥∥∥∥∥
∑
i
hi|si|
2
hk
X
⊗hkj
B
−
w(j, k)
km+na0(j)
∥∥∥∥∥
∞
≥
∫
X
p(η)
(∑
i
hi|si|
2
hk
X
⊗hkj
B
−
w(j, k)
km+na0(j)
)
ωmX ∧ ω
n
B,
=k−m−nj−nm!n!
∫
X
p(η)
(∑
i
hi|si|
2
hk
X
⊗hkj
B
−
w(j, k)
km+na0(j)
)
(kξj)
m+n
(m+ n)!
+O(1, kj−1).
Again it is important here that the coefficient of the subleading order term in
the volume involving ωn−1B ∧ ω
m+1
X and ω
m−1
X ∧ i∂∂¯ϕR ∧ ω
n
B vanishes to leading
order. The result follows from summation of the equalities and inequalities we have
obtained. 
4.3. The L∞-norm. Let (X ,H) → (B,L) be a fibration degeneration. In order
to bound the norm-type quantity appearing in the lower bound of Proposition 4.6,
it will be useful to compare the quantity occurring with Donaldson’s L∞-norm of
a test configuration [15, p. 470]. The induced test configuration (X ,H + jL) with
central fibre X0 and Hamiltonian h has L
∞-norm as a function of j given by
max
i
∣∣∣∣λik − b0(j)a0(j)
∣∣∣∣ ,
where λi are the weights of the C
∗-action in a fixed projective embedding of the
test configuration, which depend on k. The definition itself is independent of k by
Donaldson’s results [15, Section 5.1].
Lemma 4.7. We have∣∣∣∣∣
∑
i
hi
k
|si|
2
hk
X
⊗hkj
B
−
w(j, k)
km+n+1a0(j)
∣∣∣∣∣
L∞
≤ ‖(X ,H + jL)‖∞ +O(k
−1, j−1).
Proof. Since we are only interested in the inequality to leading order in k, we may
replace w(j, k)/km+n+1 with b0(j). We next write∑
i
hi
k
|si|
2
hk
X
⊗hkj
B
=
∑
i
hi|zi|
2
k(
∑
i |zi|
2)
ρj,k.
The Bergman kernel is uniformly bounded by a constant, so it is enough to ob-
tain a bound on the L∞-norm of
∑
i
hi|zi|
2
k(
∑
i |zi|
2) − b0(j)/a0(j) as a function on X .
This is clearly bounded above by the L∞-norm of the same function considered on
projective space, which is to say∣∣∣∣∣
∑
i
hi|zi|
2
k(
∑
i |zi|
2)
−
b0(j)
a0(j)
∣∣∣∣∣
L∞(X)
≤
∣∣∣∣∣
∑
i
hi|zi|
2
k(
∑
i |zi|
2)
−
b0(j)
a0(j)
∣∣∣∣∣
L∞(PNj,k )
.
We work on the overlying projective space, and by homogeneity restrict to the
set
∑
i |zi|
2 = 1. Thus we are required to bound the function∣∣∣∣∣
∑
i
hi
k
|zi|
2 −
b0(j)
a0(j)
∣∣∣∣∣
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subject to the constraint ∑
i
|zi|
2 = 1.
It is clear that the infimum is achieved with value infi
hi
k −
b0(j)
a0(j)
and the supremum
is achieved with value supi
hi
k −
b0(j)
a0(j)
, which precisely gives the desired result in
terms of Donaldson’s L∞-norm of a test configuration. 
We now prove several results concerning the norms, all of which use that the
Hamiltonian associated to a fibration degeneration is independent of j, as estab-
lished in Section 3.3.
Remark 4.8. We expect that an analogous result to the above is true for more
general norms. Related results have been proven for geodesic segments by Berndts-
son [2], however there are no known analogous results that apply to geodesic rays.
Such a result would enable us to extend our lower bound on ‖p(η)‖1 to more general
norms.
Lemma 4.9. The L∞-norm ‖(X ,H + jL)‖∞ admits an expansion
‖(X ,H + jL)‖∞ = c0 + j
−1c1 +O(j
−2).
Proof. The maximum of the λi/k is equal to the maximum of the Hamiltonian, by
the definition of the Hamiltonian itself. By Proposition 3.10, the Hamiltonian is
independent of j, hence the expansion follows from the expansion of b0(j)/a0(j). 
The appropriate norm to consider for fibration degenerations is thus the follow-
ing.
Definition 4.10. We define the L∞-norm of the fibration degeneration to be
‖(X ,H)‖∞ = c0.
One can analogously define other norms for fibration degenerations by the ob-
vious generalisation, namely by using the leading order term in the expansion in
j of the norm of the associated test configuration. In particular, one obtains an
analogous integral formulation in terms of the Hamiltonian. In much the same way
as triviality of test configurations can be detected through their norms, one can
detect triviality of fibration degenerations.
Corollary 4.11. The L∞-norm, or equivalently any norm, of a fibration degen-
eration vanishes if and only if the fibration degeneration normalises to the trivial
fibration degeneration.
Proof. The L∞-norm vanishes if and only if the Hamiltonian h is zero on the central
fibre X0 by its integral definition, which holds if and only if the test configuration
normalises to the trivial test configuration [6, Theorem 1.3][4, Corollary B], so the
statement follows for the L∞-norm follows. Here we have crucially used Proposition
3.10, which states that the Hamiltonian is independent of j. The vanishing of an
Lp-norm of a fibration degeneration is independent of p by their integral formulae,
proving the general result. 
Corollary 4.11 allows us to prove Proposition 2.30, regarding the stability of
fibrations with no fibrewise automorphisms, in a similar manner.
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Proposition 4.12. Suppose Aut(Xb, Hb) = 0 for all b, so that each fibre (Xb, Hb)
is K-stable. Then π : (X,H)→ (B,L) is a stable fibration.
Proof. By Lemma 2.29, the term W0(X ,H) is the Donaldson-Futaki invariant of
the induced test configuration for the general fibre. By K-stability of the general
fibre, this means that either W0(X ,H) > 0, in which case we are done by definition
of stability of fibrations, or the integral over central fibre Xb,0 of each such test
configuration of the Hamiltonian minus its average h− hˆ∫
X0,b
(h− hˆ)2ωmFS = 0
vanishes. Indeed, K-stability means that the Donaldson-Futaki invariant is strictly
positive unless the norm vanishes, and this integral computes the norm by [15,
Section 5.1]. Thus ∫
B
∫
X0/B
(h− hˆ)2ωmFS ∧ ω
n
B = 0,
as we may integrate over the general fibre. Hence h − hˆ vanishes on X0, meaning
that the L2-norm of ‖(X , jL+H)‖2 vanishes. Thus (X , jL+H) normalises to the
trivial test configuration [6, Theorem 1.3][4, Corollary B], and hence the fibration
degeneration itself normalises to the trivial fibration degeneration. 
4.4. The base term. We now turn to the term
−
∫
X
(∑
i
hi
|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
(ΛωBΩ− CΩ)ω
m+n
FS
involved in our lower bound on ‖p(η)‖1. By [11, Lemma 4.1], since Ω is a form on
B we have
(4.1) kjΛωFSΩ = ΛωBΩ +O(k
−1, j−1).
Thus if C˜ω denotes the average value of ΛωFSΩ over X with respect to the Fubini-
Study volume form, we have
kjC˜ω = Cω +O(k
−1, j−1).
Thus we are interested in the integral
−kj
∫
X
(∑
i
hi
|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
(ΛωFSΩ− C˜Ω)ω
m+n
FS .
We use the following result.
Proposition 4.13. [26, 6] Fix a smooth polarised variety (Y, LY ) of dimension q
and a closed semipositive integral (1, 1)-form β ∈ c1(T ) on Y . Consider any test
configuration (Y,LY ) embedded in projective space via global sections of L
k
Y , with
corresponding Hamiltonian h with respect to the Fubini-Study metric. Then we have
a lower bound
−
∫
Y
(∑
i
hi
|zi|
2∑
i |zi|
2
−
wY (k)
hY (k)
)
(ΛωFSΩ− C˜Ω)
ωqFS
q!
≥ kqJT (Y,LY ) +O(k
q−1),
where JT (Y,LY ) is the J-weight of (Y,LY ), defined in Equation (4.2).
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The proof uses a convexity argument, and is due to Lejmi-Sze´kelyhidi in the
case that β is positive [26, Lemma 8]. Their argument extends to the semipositive
case [6, Corollary 2.26]; in the situation of interest to us, the form Ω is strictly
semipositive on X as it is pulled back from B. For fibration degenerations, the
total space Y admits a morphism to B, hence one can pull back T to Y. In this
case the J-weight is most usefully defined by the following intersection-theoretic
formula [8, Proposition 4.29]:
(4.2) JT (Y,LY ) = L
q
Y .T −
q
q + 1
T.Lq−1
Lq
Lq+1Y .
Lemma 4.14. Suppose (X ,H)→ (B,L) is a fibration degeneration. Then for any
line bundle T on B, we have
JT (X , jL +H) = O(j
n−2).
Proof. The proof is an exercise in intersection theory. We have
JT (X , jL+H) =(jL+H)
m+n.T −
m+ n
m+ n+ 1
(jL +H)m+n−1.T
(jL +H)m+n
(jL+H)m+n+1,
=jn−1
(
m+ n
n− 1
)
Ln−1.T.Hm+1
−
m+ n
m+ n+ 1
(jL+H)m+n−1.T
(jL+H)m+n
(
m+ n+ 1
n
)
jnLn.Hm+1
+O(jn−2).
To obtain the result from this, one expands and uses that
(Hm+1.(Ln−1.T ))(Ln) = (Hm+1.(Ln))(Ln−1.T )
for example since the degree of the cycle
Ln
degLn−1.T
degLn
− Ln−1.T
on B is zero, where we have included the degree operator on zero cycles for clarity.

Summing up, the base term does not affect the argument to highest order in j:
Corollary 4.15. We have a lower bound
−
∫
X
(∑
i
hi
|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
(ΛωBΩ− CΩ)ω
n+m
FS ≥ O(k
n+mjn, kn+m+1jn−1).
It is crucial to our argument that, even though the asymptotics of this analogue
of the log norm functional are O(jn−1), we have a lower bound rather than an
upper bound. We have no conceptual explanation for the favourable sign.
4.5. Completing the argument. In order to complete the proof of Theorem 4.1,
two steps remain. The first is a straightforward application of the convexity results
established in Section 3. This reduces to a lower bound in terms of an integral over
the central fibre X0 of the fibration degeneration, and the second step relates this
integral to an algebro-geometric invariant, leading to the desired result.
We begin with the convexity argument, which follows directly from the convexity
of the balancing energy due to Luo [31] and Zhang [56]; see also Donaldson [15, p.
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465]. Let X0 denote the flat limit of ϕ
t
j,k(X), where the C
∗-action on projective
space move the embedding of X = ϕ1j,k(X) to ϕ
t
j,k(X) for t ∈ C
∗, so that X =
ϕ1j,k(X).
Lemma 4.16. We have a lower bound
−
∫
ϕ1
j,k
(X)
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
ωm+nFS ≥ −
∫
X0
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
ωm+nFS .
The function w(j,k)h(j,k) is a constant depending only on j, k, so to evaluate this
integral we need only consider the Hamiltonian term. Recall that b0(j) is the
leading order term in k of the weight polynomial w(j, k).
Proposition 4.17. [15, Proposition 3] [49, Theorem 26] There is an equivariant
Chern-Weil style equality
b0(j)k
n+m+1 =
∫
X0
∑
i
hi|zi|
2∑
i |zi|
2
ωm+nFS
(m+ n)!
.
This is everything we need to prove Theorem 4.1.
Proof of Theorem 4.1. Proposition 4.6 produces a lower bound on
‖p(η)‖1
∥∥∥∥∥
∑
i
hi|si|
2
hk
X
⊗hkj
B
−
w(j, k)
km+na0(j)
∥∥∥∥∥
∞
in terms of
−
(
m+ n
n
)−1
k1−m−nj1−n
∫
X
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
ωm+nFS
−
(
m+ n
n
)−1
k−m−nj−n
∫
X
(∑
i
hi
|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
(ΛωBΩ− CΩ)ω
m+n
FS .
Lemma 4.16 shows that the first term of these two terms is bounded below by
−
(
m+ n
n
)−1
k1−m−nj−n
∫
X0
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
ωm+nFS ,
while from Corollary 4.15 the second is bounded below by O(1, kj−1). From Propo-
sition 4.17, the integral −
∫
X0
(∑
i
hi|zi|
2
∑
i
|zi|2
− w(j,k)h(j,k)
)
ωm+n
FS
(m+n)! equals
−km+n+1b0(j) + k
m+nw(j, k)
h(j, k)
a0(j) = −k
m+n+1
(
b0(j)−
w(j, k)
kh(j, k)
a0(j)
)
,
where we have used that
a0(j)k
m+n =
∫
X
ωm+nFS
(m+ n)!
.
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Combining these bounds and expanding the various polynomials, it follows that
‖p(η)‖1
∥∥∥∥∥
∑
i
hi|si|
2
hk
X
⊗hkj
B
−
w(j, k)
km+na0(j)
∥∥∥∥∥
∞
≥ −m!n!k2j1−n
(
b0(j)−
w(j, k)
kh(j, k)
a0(j)
)
+O(1, kj−1)
= −m!n!kj1−n
(
b0(j)a1(j)
a0(j)
− b1(j)
)
+O(1, kj−1)
= −m!n!k (jW0(X ,H) +W1(X ,H)) +O(1, kj
−1).
Lemma 4.7 gives an upper bound∣∣∣∣∣
∑
i
hi|si|
2
hk
X
⊗hkj
B
−
w(j, k)
km+na0(j)
∣∣∣∣∣
L∞
≤ k‖(X ,H + jL)‖∞,
hence implying
‖p(η)‖1 ≥ −m!n!
jW0(X ,H) +W1(X ,H)
‖(X ,H)‖∞
.
The result follows as the choice of ωX and fibration degeneration (X ,H)→ (B,L)
were arbitrary, meaning one can take an infimum on the left hand side and a
supremum the right hand side. 
Remark 4.18. A key element of our proof of Theorem 4.1 was the convexity of
the usual balancing energy. In particular, we did not rely on the finite-dimensional
results of Section 3. Thus it is natural to ask how the finite dimensional geometry of
fibrations is related to the “infinite dimensional” Ka¨hler geometry. This happens in
three ways. Firstly, and most importantly, the key notion of a fibration degeneration
is precisely motivated by the results of Section 3, where they are shown to arise
naturally in GIT. Secondly, the numerical invariant defined to be the GIT weight in
Definition 3.12 plays exactly the same role in our work as the Chow weight plays in
Donaldson’s work on K-stability [15]. Finally, while it seems challenging to directly
use the convexity of the moment map produced in Section 3, it is also interesting
to note that the associated energy functional appears formally as the leading order
term in an expansion of the balancing energy:∫
ϕt
j,k
(X)
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
ωm+nFS
= km
∫
ϕt
j,k
(X)
(∑
i
hi|zi|
2∑
i |zi|
2
−
w(j, k)
h(j, k)
)
ωmFS ∧ ω
n
B + O(k
m−1jn, kmjn−1).
Thus, to leading order, the balancing energy precisely equals the energy functional
associated to a moment map in finite dimensions, giving a further conceptual ex-
planation for Theorem 4.1 and its links to the results of Section 3.
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